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Abstract
In this dissertation, multimode optical fibers (MMFs) have been studied as a
robust and practical platform for nonlinear optics and quantum optics applications,
where by experimental investigations and theoretical calculations we present the
quantum and nonlinear virtue of MMFs as a versatile tool for future applications.
Our investigations can be summarized in three parts: At first, we have investigated stimulated Raman scattering (SRS) in a long MMF, where more than 20 orders
of cascaded Raman peaks have been generated. Observation of beam clean-up despite the highly multimode nature of the fiber and such strong nonlinear interaction
despite the large fiber core size are distinguishable results of our work. Next, we have
studied four-wave mixing (FWM) via intermodal phase-matching in both step-index
and graded-index MMFs (GIMFs). A rigorous and general approach in the theoret-

v

ical study is presented where some of the commonly used, yet inaccurate approximations are avoided. Experimentally, FWM side-bands with minimal contamination
from SRS, and residual pump photons have been generated from quantum vaccum
and amplified more than 11 orders of magnitude. Finally, in the last part of this dissertation we have done a theoretical study of photon-pair generation in a multimode
optical fiber (both step-index and GIMF) via intermodal-FWM as a source of state
engineered photon-pairs.
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Chapter 1
Introduction
“Abandon the urge to simplify everything, to look for formulas and easy
answers, and to begin to think multidimensionally, to glory in the mystery
and paradoxes of life, not to be dismayed by the multitude of causes and
consequences that are inherent in each experience – to appreciate the fact
that life is complex” M. Scott Peck

1.1

Overview

The concept of optical fibers and optical waveguides was first demonstrated in 1840s
by Daniel Collodon and Jacques Babinet, where they showed that a light beam
could be directed along jets of water for fountain displays. Optical fibers, as Daniel
Collodon called the conceptual presentation of them as “light pipe”, are able to
propagate the light beam from one end to the other one. A common optical fiber
consists of a core and a cladding, while the core must have higher refractive index to
ensure the total internal reflection (TIR).
Even though optical fibers have been developed for light transmission and optical
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communications, eventually they have found many interesting applications in other
areas. For example, light confinement in a small area makes optical fibers an interesting medium to study light-matter interaction and nonlinear optics. On the other
hand, control over many degrees of freedom of the photons propagating inside optical fiber is suitable for quantum optics applications. For example, control over the
propagation constant and spatial modes can be used for quantum state preparation
of photons without the need for post selection.

It can be said that the multimode optical fibers (MMFs) were the very first
optical fibers developed, and in that matter, even predate the single mode optical
fibers. Although the traditional view of them as low-quality waveguides restricted
the research interest in these fibers in early years of optical fibers, the recent findings
revealing a promising landscape of opportunities for many applications in MMFs is
changing the classical view of them. For example, MMFs are of interest for designing
more efficient and more powerful fiber lasers and next generation telecommunication
systems.

Both nonlinear phenomena and quantum optical effect in MMFs have been studied since the beginning of these fields, but there is still a lack of comprehensive study
of these effects in MMFs and a lot remains to be explored. While the inherent complexity of the interactions and light propagation in MMFs at first glance may seem to
be a negative factor, they actually act as driving force to observe novel phenomena.

In this dissertation, we study MMFs as a practical platform to develop novel
quantum and nonlinear devices. We show that MMFs have unique properties that
make them an ideal landscape to explore the rich nonlinear and quantum optic
phenomena.
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1.2

Theoretical background

In general the propagation of electromagnetic field in any medium is described by
Maxwell’s equations, which can be used to yield the equations governing the propagation of light in optical fibers (non-magnetic dielectric medium) as [3]

∇ × ∇ × E(r, t) = −

1 ∂ 2 E(r, t)
∂ 2 P(r, t)
−
µ
,
0
c2 ∂t2
∂t2

(1.1)

where E is the electric field, and P is the induced polarization which represents the
response of medium to the electric field E. c is the speed of light in vacuum and µ0
is the vacuum permeability. In order to solve this equation it is necessary to know
the response of the medium to the electric field, P.

1.2.1

Fiber modes

Assuming the fiber is isotropic and linear, i.e. P ∝ E, it is straightforward to get
the Helmholtz equation for the electric field inside an optical fiber using Eq. 1.1 [3]
∇2 Ẽ(r, ω) + n2 (ω)

ω2
Ẽ(r, ω) = 0,
c2

(1.2)

where Ẽ(r, ω) is the Fourier transform of the electric field E(r, t). Equation 1.2 can be
solved by using the separation of variables method [3]. Any solution of this equation
will be a guided mode supported by the optical fiber. Based on the geometry of
the fiber and wavelength of the light there might be more than one answer for the
Helmholtz equation. There are also some other unguided radiation modes that do
not play an important role in nonlinear effect [3].
While single mode optical fiber are designed to only support one guided mode,
in multimode optical fiber different modes with distinct propagation constants and
spatial distributions can propagate. Multimode optical fibers typically have larger
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core diameter compared to single mode optical fibers. Two well known families of
multimode optical fibers are step-index multimode optical fibers and graded-index
multimode optical fibers (GIMFs), named based on their refractive index profile.
Step-index multimode optical fibers have a boxcar-like refractive index profile
with constant refractive index both in core, nco , and in cladding, nclad (nco > nclad ).
On the other hand, Graded-index multimode optical fibers have a parabolic like
refractive index profile in the fiber core. It should be noted that in commercial
optical fiber there are some slight modifications of the refractive index profile for
specific purposes. The spatial modes of a step-index multimode fibers are presented
by Bessel functions, while for a graded-index multimode fiber the guided modes are
presented by Laguerre-Gaussian functions [71].

1.2.2

Nonlinear intermodal interactions

In reality the response of the medium to the electric field is not linear, and the
induced polarization P satisfies the general form of
.
P = 0 (χ(1) .E + χ(2) : EE + χ(3) ..EEE + . . . ).

(1.3)

As it can be seen the nonlinear optical effects have roots in the dependence of
optical properties of a medium on the intensity of coherent light traveling through it.
In fact, unlike the linear regime of light matter interaction, in the nonlinear regime
the oscillating polarization gets distorted and the optical properties of medium such
as absorption or refractive index changes.
In the presence of nonlinearity, the pulse propagation inside an optical fiber usually is described by a set of equations called generalized nonlinear Schrödinger equations (GNLSE), which describe the evolution of the electric field amplitude envelope
of an optical pulse propagating along the fiber due to the dispersive, linear, and
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nonlinear effects.
For a multimode optical fiber, some other factors such as intermodal interactions
need to be considered. The generalized multimode-GNLSE (MM-GNLSE) for the
propagation of an optical pulse in a MMF is much more complex compared to the
single-mode case, but it successfully describes the evolution a specific spatial mode
of the optical pulse propagating in the presence of multiple spatial modes. The
formulation of the MM-GNLSE is based on the pioneering work of Kolesik and
Moloney [56], and also Poletti and Horak [82], following some specified version of the
formulation for GIMFs by Mafi [71].
In MM-GNLSE notation the evolution of a spatial mode p is written in the form
of

∂Ap (z, t)
= Dp (z, t) + N p (z, t),
∂z

(1.4)

where D and N correspond to the dispersive and nonlinear part of the GNLSE
for spatial mode p, respectively. The exact form of MM-GNLSE can be found in
detail in Refs. [56, 71, 82], including all the dispersive, linear, and nonlinear effects
such as Raman scattering, linear and nonlinear mode coupling, self- and cross-phase
modulation, four-wave mixing, and other terms. For example, Mafi has presented [71]
GNLSE considering a linearly polarized light propagation inside a short piece of
GIMMF, where the electric fileds are excited and remain in the x̂-linear polarization,
as
∂Ap (z, t)
(p)
(0)
(p)
(0) ∂Ap (z, t)
= i(β0 − β0 )Ap (z, t) − (β1 − β1 )
∂z
∂t
X βn(p)  ∂ n
+i
i
Ap (z, t)
n!
∂t
n≥2
(

n2 ω0 X
(1) ∂
(1)
(1)
+i
1 + iτplmn
Qplmn (ω0 )Plmn
c l,m,n
∂t
)


∂
(2)
(2)
(2)
+ 1 + iτplmn
Qplmn (ω0 )Plmn .
∂t

5
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where ω0 is the carrier frequency, and P (j) are the nonlinear fields given by

(1)
Plmn
(2)

Plmn

Z

= 2Al (z, t) dτ R(τ )Am (z, t − τ )A?n (z, t − τ ),
Z
?
= Al (z, t) dτ R(τ )Am (z, t − τ )An (z, t − τ )e2iω0 τ ,

(1.6)

and the nonlinear coupling terms are presented as

Z
1
dxdyFp? (ω)Fl (ω)Fm (ω)Fn? (ω),
=
3
Z
1
(2)
Qplmn (ω) =
dxdyFp? (ω)Fl? (ω)Fm (ω)Fn (ω).
3

(1)
Qplmn (ω)

(1.7)

R(τ ) is the nonlinear response function which can be written as

3
R(τ ) = (1 − fR )δ(τ ) + fR h(τ ).
2

(1.8)

(1,2)

h(τ ) is the delayed Raman response function [3] and τplmn are the shock time
constants [71].
Based on the application and conditions, only a few or one of nonlinear or dispersive effects might be dominant and other ones can be ignored without any effect
on the outcome. In such cases it is common and possible to reduce the MM-GNLSE
to a set of equations describing only relevant effects. For example in a short fiber
(compared to pulse duration), dispersive effects are minimal, and Raman effect can
be ignored as well. The four-wave mixing and mode coupling will play considerable
roles, so the MM-GNLSE can be reduced to a compact and efficient set of equations [71, 80].
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1.3
1.3.1

Technical notes on experiments
High-power laser coupling into optical fibers

A limiting factor in high-power laser experiments in optical fibers is the damage
of fiber tip due to high intensity. Because the power of modern lasers exceed the
damage threshold of fused silica, an appropriate method needs to be incorporated
to increase the damage threshold of couple more power to the fiber, so to make it
possible to couple more power into the fiber.
Considering the fact that damage is due to heating of the fiber material, a straightforward approach is to cool down the fiber tip. This can be done by cooled air flow to
the fiber tip. From the observations in this dissertation, using cool air flow increases
the threshold, but the flow of the air disturbs the light coupling as it introduces
micro-vibrations in the fiber tip. So the ideal case would be to have smaller air flow
speed and bring down the temperature of the air flow. One can use liquid nitrogen
for the cooling down process as well.
An alternative approach to increase the damage threshold is to reduce the intensity while keeping the total power coupled into the fiber unchanged. This can be
done by increasing the fiber tip interface surface. In order to accomplish this we have
used a small piece of fused silica with a surface of a few times larger than regular
fiber area as an end-cap. The total length of the end-cap should be very small, approximately a few millimeters, to ensure it does not disturb the light coupling. The
end-caps were built using a large diameter fiber, typically 200-500 µm radius. The
two fibers with different sizes are spliced to each other. Considering the difference
between the two fiber’s sizes, it is important to develop a method to efficiently splice
them. After splicing the two fibers, using a ultrasonic cleaver the fiber with the
larger core is cleaved a few millimeter from the splicing spot. This results in having
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an end-cap with a length of a few millimeters and a large diameter in fiber tip. It
should be mentioned that the fibers used to build end-caps do not have core and
claddings and the refractive index is constant across the fiber.

1.3.2

Control over nonlinear processes

Generating a FWM process in fiber is quite different in practice from the Raman
process. In SRS the goal is to couple as much power as possible into the fiber, and
also increase the interaction length by using a long fiber loop. On the other hand,
for FWM it is necessary to excite the desired fiber mode and also prohibit any other
nonlinear process from being generated because it drains the pump power. The first
step is to use short fiber lengths to eliminate SRS, as it becomes dominant in longer
fibers [3]. In this dissertation, for the FWM processes experiments the fiber lengths
were selected to be less than 70 cm. However, one should be careful, because the
FWM efficiency scales exponentilly with length for lengths shorter than the coherence
length. A typical length of 20-60 cm has shown to be the best range.
By selection of a short fiber length, SRS will be suppressed significantly. However,
it is not only the SRS that competes with FWM. In a MMF, different FWM processes
can be generated and these processes also compete, due to the limited pump power.
Blind coupling of laser light into MMFs will result in the excitation of multiple FWM
processes, and the total power in a specific process will not be optimum. In order
to achieve an optimal generation of a specific FWM process, one needs to carefully
excite only the pump modes desired for that process. This can be done by careful
alignment of the launching condition into the optical fibers.
In this dissertation we have used a system with 5 degrees of freedom to control
the laser light coupling. A mirror and an x-y-z translation state are used to couple
the light into the fiber. The fiber tip is placed on the translational stage, in front of a
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microscope objective. The laser light is reflected using a mirror with two adjustable
θx and θy angles along the x and y axis, respectively. By careful alignment of these
5 parameters, i.e. x, y, z, θx , and θy , it has been shown to excite the LP02 mode of
the fiber with a total weight of ≈ 90%.

1.4

Dissertation outline

This dissertation is presented in 6 chapters.1 Chapters 2, 3, and 4 include study of
MMFs for nonlinear optics applications, and chapters 5 and 6 point on the quantum
optic virtue of MMFs. Chapter 2 presents cascaded Raman peak generation in a
graded-index multimode optical fiber. Chapters 3 and 4 focus on four-wave mixing
in multimode optical fiber. In chapter 3, a detailed study of IM-FWM in step-index
multimode optical fiber has been presented, and in chapter 4 a specific application of
IM-FWM to generate new wavelengths in graded-index multimode optical fibers is
considered. Chapters 5 and 6 are focused on quantum state engineering and tailoring
spectral correlations of photon-pair generated in MMFs via IM-FWM.

1 The

content presented in all chapters of 2, 3, 4, 5, and 6 are already published in
peer reviewed journals, with the author of this dissertation being the first author on all
of the publications. The author has done all of the experiments from the chapter 2 and
3 publications, and a majority of theoretical calculation of the work presented in chapters
5 and 6. For the work presented in chapter 4, the author suggested the original idea and
contributed to the writing of the manuscript and theoretical calculations. The author
contributed to writing of the manuscripts in all of the publications.
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Chapter 2
Cascaded Raman peak generation

Stimulated Raman scattering (SRS) is a well-known nonlinear process with numerous
applications including optical amplifiers, tunable lasers, spectroscopy, meteorology,
and optical coherence tomography. SRS was first observed in silica glass fibers in
1972 by Stolen et al. [110]. They used a frequency-doubled, pulsed, Nd:YAG laser
operating at the 532 nm wavelength to pump a single-mode optical fiber and observed
Stokes emission at 545 nm. Since then, several groups have reported the observation
of SRS in optical fibers using various configurations [21,24,45,91]. Cohen and Lin [21]
generated 6 cascaded Raman peaks in a silica fiber, pumped by a mode-locked, Qswitched, Nd:YAG laser operating at 1064 nm. Rosman [91] observed 15 orders of
cascaded Raman peaks by pumping a silica fiber at 532 nm with a frequency-doubled
Nd:YAG laser. Other configurations involving unconventional fibers have been used
for extreme Raman-comb generation. For example, Couny et al. [24] demonstrated
the generation of a Raman comb spanning wavelengths from 325 nm to 2300 nm in
a 1m-long hydrogen-filled hollow-core photonic crystal fiber.
In this chapter, we report on the generation of new wavelengths, mediated by
the SRS process, in a standard graded-index multimode fiber (GIMF). The GIMF is
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pumped at a wavelength of 523 nm, and a cascade of optical-frequency Raman peaks
is generated on the Stokes side of the pump. At high power levels the measured
spectrum extends up to 1750 nm, which is the upper detection limit of our optical
spectrum analyzer (OSA). The generation of such a wide wavelength range, extending
from 523 to 1750 nm, using a large-core telecommunication-grade multimode fiber
distinguishes our results from those carried out in small-core or highly customized
optical fibers.
Multimode optical fibers are easy to handle and are also easy to align to external
sources; however, their large core diameter is perceived as undesirable for nonlinear
applications. Despite a lower effective nonlinearity associated with a larger core
of conventional multimode fibers, the multimode nature of these fibers can play
an important role in some nonlinear applications. In particular, the presence of
multiple propagating modes with different dispersive properties results in expanded
phase-matching opportunities for the generation of four-wave mixing (FWM) signals
in optical fibers [3,17,45,108]. The GIMF used in our experiments has two desirable
properties that make it particularly suitable for SRS generation. First, because the
effective modal area of each mode in the GIMF scales only as square root of the
core area, the effective nonlinearity of some propagating modes is comparable with
conventional single-mode fibers [71]. Second, a relatively high GeO2 content in the
core of the standard telecommunication GIMF used in our experiments results in a
higher peak Raman gain coefficient compared with silica-core fibers [83].

2.1

Generation of new wavelengths and spectral
measurements

The pump used in our experiment is a frequency-doubled, Q-switched, neodymiumdoped yttrium lithium fluoride (Nd:YLF) laser operating at 523 nm wavelength, and
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its 8-ns duration pulses are coupled to the input tip of the fiber using a microscope
objective. The laser beam is not diffraction-limited, and many modes in the fiber
are excited simultaneously. The GIMF is a 1-km long standard, 50/125-µm, bare
fiber (Corning ClearCurve OM2). The output spectrum is measured using a CCS200
spectrometer (from Thorlabs) operating in the range of 200–1000 nm and a MS9740A
OSA (from Anritsu) covering the 600–1750 nm wavelength range. We measured the
energy of input pulses required for reaching the Raman threshold immediately after
coupling into the fiber (less then 1-meter of propagation inside the GIMF) to be
20.9 µJ; we estimate the peak power to be about 2.5 kW. The pulse energy decreased
to about 0.515 µJ after 1-km of propagation, which is consistent with the expected
attenuation of about 16 dB/km at the pump wavelength. The measured threshold
power for the first Raman peak (P0cr ) is consistent with gR P0cr Leff ≈ 16Aeff [3] using
the effective length of Leff = 270 m (considering the 16 dB/km attenuation), gR ≈
2.9 × 10−13 m/W (at 523 nm wavelength and considering the GeO2 doping), and
an effective area of Aeff = π × (62.5 µm)2 (considering the heavily multimode and
overfilling nature of the pump).
The sequential generation of cascaded Raman peaks is initiated by the pump
at 523 nm. As the pump power is increased, the first Stokes line extracts power
from the pump until it becomes strong enough to seed the generation of next Stokes
line. This process continues and more and more Raman peaks are generated with
increasing pump power. The 20 cascaded peaks shown in Fig. 2.1(a) extend from
523 nm to just above 1000 nm in wavelength. The estimated input peak power of
our pump pulses is 22 kW for this figure.
As the pump power is further increased, even more cascaded Raman peaks appear
beyond the 1000 nm wavelength range of our spectrometer. Figure 2.1(b) shows
the spectrum measured with the Anritsu OSA in the range of 900–1750 nm at the
maximum pump power level (just below the burning threshold of fiber’s input tip).
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We stress that the two plots in Figs. 2.1(a) and 2.1(b) should not be compared directly
because they correspond to different power levels and employ different vertical scales.
The spectral dip at around 1300 nm and the broad peak beyond 1400 nm are two
notable features in this infrared range. The appearance of the spectral dip centered at
the 1320-nm wavelength is related to a reduction in the SRS gain occurring near the
zero-dispersion-wavelength (ZDW) of the GIMF, where the SRS gain is suppressed
due to a near-perfect phase-matching of the FWM process [43, 119]. The dip at
1320 nm can be seen more clearly in Fig. 2.2, where we plot the data in Fig. 2.1(b)
on a logarithmic power scale.
In our opinion, the broad peak centered at 1600 nm results from the onset of
modulation instability in the presence of anomalous dispersion. The resulting short
pulses can experience Raman-induced spectral shifts as well as collision-based spectral broadening, resulting in a broad supercontinuum-like feature [14, 31]. The generation of the longer wavelengths beyond the ZDW is a very complex phenomenon
and is heavily influenced by parametric processes. Even in the absence of perfect
phase matching, FWM can seed higher-order Raman waves that are subsequently
amplified through SRS [113, 118].
The presence of efficient FWM phase-matching opportunities in the GIMF impacts considerably the generation of the cascaded Raman peaks. Figure 2.3 shows
the spectrometer data in the frequency domain, by plotting on the horizontal axis
the frequency shift of the Raman comb relative to the pump frequency, and power
on a logarithmic scale on the vertical axis. Equal spacing of various peaks on the
Stokes side is expected for a cascaded Raman process. However, the presence of
FWM frequencies on the anti-Stokes side of the pump is the most notable feature
in this figure. The phase-matched frequency counterparts of these FWM idlers on
the Stokes side can affect the location and amplitude of the cascaded Raman peaks.
We observed that the strength of the FWM signal depended on launch conditions,
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Figure 2.1: (a) Cascaded Raman peaks measured with the spectrometer. (b) Spectrum measured by the OSA when pump power is increased to just below the burning
threshold of fiber’s tip; the spectral dip at around 1300 nm and the broad peak
beyond 1400 nm are two notable features in this infrared range.

Figure 2.2: Same as Fig. 2.1(b) but data plotted using a logarithmic vertical scale.
The input pump power is just below the burning threshold of fiber’s tip.
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Figure 2.3: Cascaded Raman peaks measured with the spectrometer and plotted
using frequency shift on the horizontal axis. Notice the presence of FWM peaks on
the anti-Stokes side.

and FWM was absent (or highly suppressed) in some of our measurements. The
highly multimode nature of the pump made it very difficult to find the optimum
launch position for the generation of the anti-Stokes peaks; we needed to scan the
input pump beam over the fiber core to find the point at which the anti-Stokes peaks
appeared with considerable power.
In order to explore the effect of FWM on the SRS peaks, we offset the input
pump beam by ≈ 15 µm from the center of the fiber core. The pump now excites
the GIMF modes with different power ratios, resulting in efficient FWM in a different
set of phase-matched wavelengths. The result is a shift in the position of the spectral
combs. The red and green spectra in Fig. 2.4 are measured before and after offsetting
the pump laser, respectively. The shift seems to be seeded around the third cascaded
Raman peak, separated by about 50 THz from the pump frequency, which is also
consistent with the location of a FWM peak in Fig. 2.3.
We observed that the shift is reversed if the input pump beam is aligned back
with the center of the fiber core.
Similar observations of the effect of the FWM processes on shifting the SRS spectrum have been reported by Sharma et al. [94]; they have shown that the cascaded
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Figure 2.4: SRS spectra measured before (red solid line) and after (dashed green
line) a slight offset of the pump beam from the fiber center. Shift of Raman peaks is
caused by different FWM conditions caused by excitation of different fiber modes.

Figure 2.5: The FWHM spectral width of the Raman peaks from Figs. 2.1(a) and 2.3
are plotted as a function of the Stokes peak number. The Stokes peak numbers 0
and 1 correspond to the pump and the first order Raman peak, respectively.

Raman peaks can shift depending on which modes are excited by the pump laser.
In Fig. 2.5, we plot the spectral width (full width at half maximum or FWHM) of
the Raman peaks from Figs. 2.1(a) and 2.3 as a function of the Stokes peak number.
The numbers 0 and 1 correspond to the pump and the first order Raman peak,
respectively. Ref. [50] predicted that spectral width of each Raman peak is nearly
twice that of the preceding order because of the broad bandwidth of the Raman gain
in fused silica. The measured FWHM spectral widths of the pump and the first order

16

Chapter 2. Cascaded Raman peak generation

Raman peak are 1.30 THz and 2.51 THz, respectively.
According to Refs. [40, 50], the spectral bandwidth of the Raman peak under
certain conditions is nearly twice that of the pump. However, their analysis makes
the undepleted-pump approximation and assumes an unchirped Gaussian profile for
the pump pulse, neither of which apply to our experiment. Moreover, the noisy
nature of the SRS peaks makes the analysis of Refs. [40, 50] even less applicable to
the spectrum of higher-order Raman peaks. In our case, the bandwidths of higherorder Raman peaks show an increasing trend as a function of their Stokes peak
numbers.

2.2

Spatial beam profiles and beam cleanup in
SRS generation

We also measured the transverse intensity profile of the output beam by a CCD
camera using several bandpass color filters with a FWHM spectral bandwidth of
about 10 nm. The results are shown in Fig. 2.6. The profile in Fig. 2.6(a) is measured
without a color filter, and the interference of multiple modes can be clearly observed
as a speckle pattern. When a color filter centered at 610 nm is placed in front of
the beam Fig. 2.6(b), we observe a narrow round spot that appears to correspond
to the spatial profile of the fundamental LG00 mode of our GIMF. We note that LG
stands for Laguerre-Gaussian which are the eigenmodes of the GIMF under the weakguidance approximation. The LGnm modes can be related to the familiar notation
of the LPm,n+1 modes commonly used for step-index fibers. A donut-shape spot
Fig. 2.6(c) is observed when a color filter centered at 700 nm is placed in front of the
beam; the shape and the size of the beam makes us believe that it corresponds to
the LG01 mode of our fiber. We note that in practice, the two fold degeneracy of the
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Figure 2.6: Measured spatial profiles using a CCD-based beam profiler. Image (a) is
measured with no filters. The other 4 images are obtained using color filters centered
at (b) 610 nm, (c) 700 nm, (d) 770 nm, and (e) 890 nm.

LG01 mode is slightly broken to orthogonal double-lobed spatial profiles of HermiteGaussian modes [97] due to birefringence (similar to the two polarization of the LP01
modes). The donut shape in our measurement arises when both double-lobed spatial
profiles are present simultaneously, primarily due to the large bandwidth (10 nm) of
the color filter used for imaging the modes resulting from the incoherent combination
of the orthogonal double-lobed spatial profiles.
Spatial beam profiles corresponding to higher-order fiber modes were also seen
in our experiment. As two examples, images (d) and (e) of Fig. 2.6 show profiles
corresponding to the LG10 and LG20 modes. They were obtained by using optical
filters with a 10-nm passband centered at 770 nm and 890 nm wavelengths, respectively. The most notable feature we want to stress is that a GIMF can be used as
a device that not only shifts the pump wavelength toward the red side through SRS
but also performs the beam cleanup owing to the fact that different-order Raman
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peaks generally propagate in different modes of the fiber. The main reason for the
Raman beam cleanup is that the lower order modes generally have a larger Raman
gain because of their greater overlap with the higher concentration of GeO2 near the
center of the GIMF core [83]. A detailed analysis of SRS-induced beam cleanup in
graded-index multimode optical fibers can be found in Ref. [117]. Chiang reported
similar results for higher order SRS combs in a 30-m-long fiber [19]. However, only
LP01 mode (corresponding to LG00 mode here) was observed for a 1-km-long fiber.
In our experiments, we observed higher-order modes even for a 1-km-long fiber, and
beam cleanup was not at the same level reported in Ref. [19].

2.3

Conclusion

In conclusion, we have used a standard, telecommunication-grade, graded-index multimode fiber for SRS generation by pumping it at 523 nm with 8-ns pulses. We
observe multiple cascaded Raman peaks extending up to 1300 nm. Beyond that
wavelength, the nature of dispersion changes from normal to anomalous because our
fiber has its zero-dispersion wavelength near 1320 nm. At higher pump powers, in
addition to the multiple cascaded Raman peaks, we observe a single broadband spectral peak, extending from 1350 to 1750 nm. Its origin appears to be related to the
formation of solitons through modulation instability, intrapulse raman scattering, as
well as collision-based spectral broadening. Such features have been observed in the
past for single-mode fibers or few-mode step-index fibers (see, e.g., Mussot et al. [77]).
Our experiments show that a supercontinuum can also form in a highly multimode
telecommunication-grade, graded-index multimode fiber. The multimode nature of
the fiber can also be useful from a practical standpoint. For example, we observed
that different spectral peaks have spatial patterns that correspond to different fiber
modes. This feature can be useful for beam cleanup. Future efforts will focus on

19

Chapter 2. Cascaded Raman peak generation

extending the spectrum to the infrared region and on stabilizing the frequency and
power of individual comb lines for practical applications.
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Chapter 3
Spontaneous intermodal four-wave
mixing

The nonlinear phenomenon of Four-Wave Mixing (FWM) in optical fibers [4, 107]
has attracted considerable research interest for several decades owing to its wide
range of applications in parametric amplifiers [105], supercontinuum generation [88],
squeezed-state generation [60], quantum-state-preserving frequency conversion [74],
entangled photon pair generation [15], and heralded single photon generation [36], to
name just a few. The first observation of FWM in glass optical fibers was reported
by Stolen et al. in 1974 [108].
In FWM generation and most of the related applications in optical fibers, spontaneous Raman scattering (SRS) is a strong source of noise degrading the quality
of new peaks, especially for the generation of entangled photons [59, 62, 68, 100]. It
is possible to reduce the impact of SRS by using polarization filtering and cooling
the optical fiber [62]. Another possibility is to generate the FWM peaks, so called
Stokes and anti-Stokes, beyond the SRS bandwidth. For fused silica, the SRS gain
bandwidth extends over a wide frequency range, up to 40 THz red shifted relative
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to the pump, with a maximum peak at 13.2 THz [109]. One method to generate
Stokes and anti-Stokes with large shifts is to use the intermodal phase-matching in
a multimode optical fiber.
The main purpose of this chapter is to present a rigorous comparison between
theory and experiment on the generation of Stokes and anti-Stokes in a multimode
optical fiber from vacuum noise. The process relies on the amplification of quantum vacuum energy over more than 11 orders of magnitude (110 dB). A theoryexperiment comparison that remains valid over such a wide range of energy scales
involves delicate experimentation and is sensitive to both precise values of physical
parameters and implicit assumptions in the theoretical model. This work highlights
the predictive power of the theory as well as its limitations.

Figure 3.1: (a) Stokes and (b) anti-Stokes FWM beams are generated in a short
piece of SMF-28 fiber. (c) The FWM spectrum is shown where the insets highlight
the main spectral features.

The intermodal FWM Stokes and anti-Stokes are generated from vacuum noise
in a commercially available optical fiber (Corning SMF-28r ). The fiber supports a
few spatial modes in the wavelength range of interest. The green (532 nm wavelength) pump is injected into a short piece of the fiber and Stokes and anti-Stokes
beams are generated in the LP02 and LP01 modes, respectively, as shown in Fig. 3.1.
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Detailed experimental results are presented, which include the measurement of the
Stokes power versus the pump power and the nonlinearity-induced shift of the phasematched wavelength. Rigorous theoretical calculations are carried out, and their
predictions are compared with the experimental results; they are all in reasonable
agreement within the expected errors for each case.
What distinguishes this work from the existing literature is the thorough experimental study that includes the measurement of the Stokes power generated from
vacuum noise over a wide range of pump power. There exist such comparisons for the
case of parametric amplifiers [13]; however, the spontaneously generated Stokes and
anti-Stokes are usually reported for one or a few values of pump power [18, 99, 114].
Another distinguishing factor is the theoretical model developed here that replaces
commonly used yet inaccurate assumptions such as the frequency-independence of
the nonlinear couplings (e.g. assuming that γsa = γas in Eqs. 3.1 and 3.33), and
the universality of the third order Kerr nonlinear tensor as a function of the frequency components (e.g. assuming that χ(3) (ωp ; ωp , −ωp , ωp ) = χ(3) (ωp ; ωs , −ωp , ωa )
in Eq. (3.28)), are replaced in favor of a more general treatment. The theoretical
results suggest independent experimental measurements to determine the values of
different components of the third order Kerr nonlinear tensor (See e.g. Eq. (3.25)
and Eq. (3.26)).
The theoretical foundation is already available in some form in the existing literature. For example, Ref. [105] has presented a rigorous theoretical model on parametric amplification in multimode fibers, and Ref. [68] has carefully laid out a detailed
model for quantum field theoretical calculation of FWM in a birefringent singlemode
fiber. Here, in addition to generalizing the previous treatments, a coherent and thorough analysis is presented highlighting the key parameters and approximations that
come into play in the analysis of intermodal FWM in multimode optical fibers. The
analytical derivations suggest novel features for intermodal FWM, e.g., the Stokes
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and anti-Stokes powers are inversely proportional to their spectral separation from
the pump.

3.1

General formulation

The theoretical formalism presented here corresponds to our main experimental observation, where a 680 ps pump laser at 532 nm wavelength is injected into a short
piece of multimode optical fiber, generating Stokes and anti-Stokes beams in the
LP02 and LP01 modes, respectively. The Coupled Nonlinear Schrödinger equations
(CNLSE) governing the generation and propagation of the Stokes and anti-Stokes in
the presence of a strong pump field Ap at the frequency ωp are given by:
∂z Âs = 2 iγss |Ap |2 Âs + iγsa A2p Â†a exp(i∆β z),

(3.1a)

∂z Âa = 2 iγaa |Ap |2 Âa + iγas A2p Â†s exp(i∆β z).

(3.1b)

Âs (ω̄s , z) is the slowly varying envelope around the Stokes carrier frequency ωs
and represents the Stokes field quantum annihilation operator. ω̄s is the actual
frequency variable for the Stokes field. Similarly, Âa (ω̄a , z) represents the anti-Stokes
field quantum annihilation operator around the anti-Stokes carrier frequency ωa . ωs
and ωa are constant values and are taken to be at the optimum phase-matching
frequencies as described in the next section. The constant ωa , ωs pair and the
variable ω̄a , ω̄s pair satisfy the conservation of energy according to
2ωp = ωa + ωs = ω̄a + ω̄s ,

(3.2)

The linear phase mismatch between the pump, Stokes, and anti-Stokes fields is given
by
∆β = 2βp (ωp ) − βa (ω̄a ) − βs (ω̄s ),
where βp (ωp ) is the propagation constant of the pump mode at ωp , and so on.
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The form of these equations is justified in some detail in Appendix 3.7.2. We
have made the parametric approximation by assuming that the pump is in a strong,
coherent (classical) field and remains undepleted, and have used the complex classical
field Ap to represent the pump. γ parameters are the nonlinear coefficients, which
are defined in Appendix 3.7.2. The quantum creation and annihilation operators
satisfy the following commutation relations in the frequency domain [11]
[Âs (ω̄s , z), Âs (ω̄s0 , z)] = 0,

[Âs (ω̄s , z), Â†s (ω̄s0 , z)] = 2π ~ωs δ(ω̄s − ω̄s0 ). (3.4)

Similar commutation relations hold for anti-Stokes field operators, and the Stokes
and anti-Stokes operators commute. The commutation relations in the time domain
are
[Âs (τ, z), Âs (τ 0 , z)] = 0,

[Âs (τ, z), Â†s (τ 0 , z)] = ~ωs δ(τ − τ 0 ),

where Âs (τ, z) is defined in the time domain and is given by
Z
1
dω̄s Âs (ω̄s , z) exp(−iω̄s τ ).
Âs (τ, z) =
2π

(3.5)

(3.6)

We assume that the pump, Stokes, and anti-Stokes are all in the same linear polarization. The input pump used in the experiment is linearly polarized, and the short
length of the straight fiber used in the experiment ensures that the pump polarization
does not change appreciably through the fiber [66]. Moreover, the maximum gain for
the generation of Stokes and anti-Stokes is nearly three times larger in the parallel
polarization compared with the orthogonal polarization relative to the pump [66,68].
Under the undepleted-pump approximation, the propagation of the pump through
the fiber is described by
Ap (z) =

p
Pp eiϕp exp(iγpp Pp z),

(3.7)

where ϕp and Pp are the phase and power of the pump field. We note that the pump
field is normalized such that |Ap |2 = Pp and is invariant in z. γpp is the nonlinear
coefficient and is defined in Appendix 3.7.2.
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The pump, Stokes, and anti-Stokes fields each in general can belong to different
spatial modes of the optical fiber, subject to the conservation of spatial angular
momentum. Energy conservation and phase matching determine the wavelengths
at which Stokes and anti-Stokes are generated, as will be discussed in detail in
section 3.2. Based on our experimental observation, by using a 532 nm pump light
as the input, only a few modes will be excited in the fiber and only some of the
suitable modes in the output will have considerable power.
The general solutions of Eqs. 3.1 can be expressed as (see e.g. Ref. [68]):
i
h γ P
i
h
κ
sa p
sinh(gz) ei(ϕs +2ϕp ) ,
Âs (z) = Âs (0) cosh(gz) + i sinh(gz) eiϕs + Â†a (0) i
2g
g
(3.8a)
h
i
h
i
κ
γas Pp
Âa (z) = Âa (0) cosh(gz) + i sinh(gz) eiϕa + Â†s (0) i
sinh(gz) ei(ϕa +2ϕp ) ,
2g
g
(3.8b)
r

γ̃1 Pp

2


2
− κ/2 ,

ϕs = 2γss Pp z + κz/2,

g=

ϕa = 2γaa Pp z + κz/2,

κ = ∆β − 2γ̃2 Pp ,

3.2

γ̃1 =

√

γsa γas ,

γ̃2 = γaa + γss − γpp .
(3.9)

Phase-matching for FWM

The necessary condition for the generation of FWM Stokes and anti-Stokes inside
an optical fiber is proper phase-matching [3]. Phase-matching can be achieved by
various methods, such as the near zero-dispersion wavelength matching [51,63], birefringence matching [35, 100, 111], divided-pump process [104, 105], and intermodal
phase-matching [25, 28, 106]. In this work, we focus on intermodal phase-matching
using a single-mode pump configuration [104], where both pump photons propagate
in the same fiber mode.
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Intermodal phase-matching relies on the difference between the dispersion properties of different modes in a multimode optical fiber, where unlike a single-mode
fiber, phase-matching can be achieved without any assistance from the nonlinear
phase shift. Using the intermodal phase-matching and a single-mode pump configuration, it is possible to obtain larger spectral shifts between the pump, Stokes,
and anti-Stokes compared with other phase-matching techniques [65, 104]. Using a
suitable fiber and proper modes, it is possible to generate spectral shifts larger than
40 THz, in order to protect the FWM Stokes from SRS noise pollution.
Equation 3.3 can be approximated by the Taylor expansion up to the first order
in Ω as
∆β(Ω) = δβ (0) + δβ (1) Ω − β̄ (2) Ω2 ,

(3.10)

where Ω is proportional to the spectral shift of the FWM peaks relative to the pump.
Ω, δβ (0) , δβ (1) , and β̄ (2) are defined as
(2πc)Ω = ωp − ω̄s = ω̄a − ωp ,

1  (2)
(2)
β̄ (2) = (2πc)2 βs (ωp ) + βa (ωp ) ,
2

δβ (0) = 2βp (ωp ) − βa (ωp ) − βs (ωp ),


(1)
(1)
δβ (1) = (2πc) βs (ωp ) − βa (ωp ) ,
(3.11)

where we have also used the following notation
(n)

βi (ω) =

∂n
βi (ω),
∂ω n

i ∈ {p, s, a}.

(3.12)

For SMF-28, intermodal phase-matching can be achieved when the 532 nm pump
is in the LP01 mode, among several other possibilities. The external pump coupled
to the fiber in our experiment is nearly diffraction limited and predominantly excites
the LP01 mode in SMF-28; therefore, the phase-matching obtained with the pump
propagating in the LP01 mode is the focus of this analysis. The pump is carefully
aligned to generate a clean LP01 -like green-color mode both in the near-field and in
the far-field and also to maximize the red-color Stokes power at the desired wavelength by also monitoring the spectrum. The Stokes and anti-Stokes mode shapes
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are also monitored to ensure that they are in LP02 and LP01 modes, respectively, as
shown in Fig. 3.1.

Figure 3.2: The output spectrum is shown when the pump is not properly aligned.
In addition to the main FWM peaks at 656 nm and 447 nm, another set at 650
nm and 449 nm is strongly excited. Moreover, two FWM peaks are also strongly
generated very close to the pump and a stimulated Raman peak is also observed at
545 nm. The side subfigures are magnified images of the important spectral features
in the main figure.

When the pump is not properly aligned, other spectral features can appear as
shown in Fig. 3.2, which are undesirable in the present experiment. The main features that can appear are the other FWM set at 650 nm and 449 nm, two additional
FWM peaks that are very close to the pump, and a stimulated Raman peak is also
observed at 545 nm. The Raman peak can be quite strong if the length of the fiber
is increased [84], but for the choice of 25 cm length in this chapter can be easily
suppressed with proper alignment for all power levels used in the experiment. The
FWM peaks near the pump can be either initiated from another multimode phase
matching or can be due to modulation instability induced by cross-phase modulation [2]. These peaks can also be suppressed with proper alignment and their nature
will be investigated elsewhere in the future. The main point is that with proper
alignment, it is possible to highly suppress the undesired spectral features in Fig. 3.2
and get a pure desired FWM spectrum as shown in Fig. 3.1.
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In Fig. 3.3 the linear phase matching condition ∆β(Ω) = 0 has been plotted
as a function of Ω as the intersection of β̄ (2) Ω2 in a blue dashed parabola, and
δβ (0) + δβ (1) Ω in a red solid line. The nonlinear contribution to phase-matching has
a negligible effect on the wavelengths of the Stokes and anti-Stokes, so it can be
ignored. We revisit this in more detail in section 3.5, where we calculate the impact
of the nonlinearity on phase-matching.
Because in this experiment, under general conditions, it is possible to observe
the Stokes and anti-Stokes in LP02 and LP01 modes, respectively or vice versa, we
have chosen the following convention in Fig. 3.3: the horizontal axis Ω is the spectral
separation of the FWM-generated LP01 mode from the LP01 pump, while the other
FWM-generated mode is in LP02 . Therefore, the linearly phase-matched intersection point at Ω ≈ 3563 cm−1 corresponds to the anti-Stokes (Stokes) in the LP01
(LP02 ) mode, while the intersection at Ω ≈ −3249 cm−1 corresponds to the Stokes
(anti-Stokes) in the LP01 (LP02 ) mode. Both phase-matching possibilities have been
observed in our experiments, where a slight adjustment of light coupling determines
the dominant FWM peaks [8].
For future reference, the numerical values of the parameters describing the phasematched frequencies are δβ (0) ≈ 271.5 cm−1 , δβ (1) ≈ 7.36 × 10−3 , and β̄ (2) ≈ 2.34 ×
10−5 cm. These values are obtained from the analysis presented in Appendix 3.7.1.
The linear phase-matching spectral shifts can be expressed as the solution to ∆β = 0:
s
δβ (0) δβ (1)
1  δβ (1) 2
+
4
+ (2) ,
(3.13)
Ωpm = ±
2
β̄ (2)
β̄ (2)
2β̄
which can be reliably approximated to the first order by
s
δβ (0) δβ (1)
Ωpm = ±
+ (2) .
β̄ (2)
2β̄

(3.14)

In this case, the β̄ (2) in Eq. (3.11) can be accurately described by only the chromatic dispersion, and the waveguiding contribution to its value can be ignored in the
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Figure 3.3: The phase matching condition, where the intersection of the linear and
parabolic plots shows phase-matched points.

phase-matching process, as has also been verified numerically here [106]. Therefore,
one can write
β̄ (2) ≈ λp Dp , where Dp = −(2π)λ2 ∂λ2 n(λ)|λp .

(3.15)

This approximation results in less than 5% deviation from the exact value with
β̄ (2) ≈ 2.220 × 10−5 cm.

3.3
3.3.1

Signal power vs pump power: theory
Calculation of Stokes power

Stokes and anti-Stokes are generated from the quantum vacuum in our experiment.
Therefore, the generated Stokes power in fiber at length z is given by [68]
Ps ≡ hÂ†s (τ, z)Âs (τ, z)i,
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Figure 3.4: Π(y) defined in Eq. (3.18): (a) has linear behavior for small y, but (b),
(c) is exponentially increasing at large y. The argument of Π(y), i.e. gmax L varies
between ≈35 and ≈60 in our experiments. The vertical axis scale in subfigure (c) is
logarithmic.

where the brackets denote average with respect to the vacuum input state. After a
few algebraic steps, it can be shown that
Ps
=
c ~ωa

Z

∞


dΩ̃

−∞

γsa Pp
g

2

sinh2 (gz) =

ωs
Ω̃0 Π(gmax z).
ωa

(3.17)

We have defined
Z

∞

Π(y) :=

√
dx (1 − x2 )−1 sinh2 (y 1 − x2 ).

(3.18)

−∞

The function Π(y) is plotted in Fig. 3.4. Ω̃ used in Eq. (3.17) is defined as the spectral
shift from the phase-matched frequency of the Stokes light. Therefore, Ω̃ = 0 is the
point at which the Stokes gain g defined in Eq. (3.9) is maximized, with κ = 0 and
gmax = γ̃1 Pp . We also have
q
g = gmax 1 − (Ω̃/Ω̃0 )2 ,

Ω̃0 =

γ̃1 Pp
γ̃1 Pp
≈p
.
(2)
− β̄ Ωpm |
β̄ (2) δβ (0)

|δβ (1) /2

(3.19)
Using Eqs. 3.15 and 3.19, the Stokes power can be expressed as
gmax
Ps ≈ c ~ωs p
Π(gmax z).
β̄ (2) δβ (0)
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The anti-Stokes power can be obtained from Eq. (3.20) by changing ωs to ωa . As
expected the Stokes power is proportional to gmax . However, it is inversely proportional to δβ (0) , which signifies the mode-level separation at the pump wavelength. In
other words, δβ (0) shows how different the effective indexes of the modes are at the
pump wavelength. By noting that |δβ (1) |  2(β̄ (2) δβ (0) )1/2 , it can be shown that
q
β̄ (2) δβ (0) ≈ β̄ (2) Ωpm .

(3.21)

We recall that in a conventional multimode optical fiber, β̄ (2) can be accurately described by only the intrinsic chromatic dispersion of the glass and is independent
of Ωpm . Therefore, the Stokes power is roughly inversely proportional to the spectral
separation of the Stokes and anti-Stokes from the pump. The reason for this behavior
is that the phase-matching bandwidth is inversely proportional to the spectral separation of the Stokes and anti-Stokes from the pump, as can be seen from Eqs. 3.19
and 3.21.

3.3.2

Calculation of Stokes pulse energy

The pump pulses are assumed to be a Gaussian in time having the form

Pp = Ep (πτ02 )−1/2 exp −τ 2 /τ02 ,

(3.22)

where Ep is the pump pulse energy. The pump pulses used in the experiment are
680 ps long, therefore it is reasonable to use a very slowly varying envelope approximation and assume the dispersive terms do not affect the pump power envelope over
the short length of the optical fiber considered here. Total Stokes pulse energy for a
given pump pulse cycle can be calculated as
Z
Es =

∞

1
cτ0
Ep
dτ Ps ≈ p
~ωs Ψ(γ̃1 p 2 L),
πτ0
β̄ (2) δβ (0) L
−∞
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where L is the fiber length. Ψ(z0 ) and its asymptotic approximation for large z0 are
given by

Z

∞

Ψ(z0 ) =

2

2

z0 1

dy z0 e−y Π(z0 e−y ) ≈

−∞

π
√ exp(2z0 ).
4 2

(3.24)

Using Eqs. 3.23 and 3.24, the Stokes pulse energy can be written as

π

Es ≈ p
32β̄ (2) δβ (0)

!
Ep
cτ0
~ωs exp 2γ̃1 p 2 L .
L
πτ0

(3.25)

Equation (3.25) is the main result in this chapter and will be compared with the
experiment in detail, because it gives the value of the output Stokes pulse energy
versus the pump pulse energy as a function of the fiber length.
In the derivation of Eq. (3.25), certain assumptions have been made that are
adequate for the experimental conditions presented in this work, but may not always
generalize to other experimental situations. For example, it is assumed here that
the peak pump power is not high enough to appreciably change the phase matching
condition of Eq. (4.7) (see also section 3.5 for support). Moreover, the dispersion
length is 2500 km, which is substantially longer than the length of the fiber samples;
therefore, dispersive temporal effects can be ignored as has been the case in Eq. (3.1).
For femtosecond ultrashort pulses with high peak power, neither of the preceding assumption may be valid. Another implicit assumption is that the group velocities of
the pump and signal are sufficiently close that they overlap during the short propagation distance in the fiber. Undepleted pump approximation is another important
assumption in the analysis. Therefore, one must properly examine the assumptions
used in here before applying Eq. (3.25) to situations that are very different in optical
pulse or fiber properties than the experiments reported in this chapter.
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3.4

Experimental results

The pump laser is an Nd:YAG 1064 nm microchip laser, with 680 ps pulse duration,
operating at 500 Hz repetition rate. It is frequency doubled using an LBO crystal
to generate 532 nm pulses and is coupled to a 25 cm long Corning SMF-28E+ fiber
using a 20X microscope objective. Fiber bending can affect the FWM threshold
by mixing the polarizations [48]; therefore we have made sure that the fiber is kept
straight at all the times. No significant change in the FWM generation rate has been
observed for small bending.
By coupling a few kilowatts of laser peak power into the LP01 mode of the fiber,
two anti-Stoke (blue) and Stokes (red) peak pairs are observed. One set of Stokes
and anti-Stokes is at 656 nm and 447 nm, respectively, while the other set is at 650
nm and 449 nm. The peaks at 656 nm and 447 nm are dominant and it is possible
to excite them selectively and suppress the other peaks by careful alignment of the
input light to the fiber, as can be seen in Fig. 3.1(c). This set corresponds to the
phase matching point at the intersection of the linear and parabolic plots in Fig. 3.3
for Ω > 0. The dominant peaks at 656 nm and 447 nm relate to Fig. 3.1 and the
measurements reported in this chapter. The peaks at 650 nm and 449 nm correspond
to the phase matching point of Fig. 3.3 for Ω < 0.
In order to verify Eq. (3.25), the Stokes power is measured as a function of the
pump power. A bandpass filter–650 nm center wavelength and 40 nm bandwidth–is
used in the output to measure the Stokes beam power using a high-precision silicon
photodetector (integrating sphere photodiode, Thorlabs S142c, minimum power of
1 µW , resolution of 1 nW). The 532 nm pump is measured by a thermal power
sensor at the output (thermal sensor, Thorlabs S302C, minimum power of 100 µW,
resolution of 1 µW). The measurement results are shown in Fig. 3.5 for 10 fiber
samples, each approximately L = 25 ± 0.5 cm long.
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Figure 3.5: (a) Experimental result of average Stokes power versus average pump
power including different same-length fiber samples. Green circles show the repetition
of experiment for different fiber samples with the same approximate 25±0.5 cm length
and different coupled pump power. The lines are based on Eq. (3.25) for different
values of γ̃1 . (b) Experimental measurements are categorized into different fiber
samples, where the results for each fiber sample is marked with a distinct symbol.

The green circles in Fig. 3.5(a) show the measurement of the average Stokes power
versus the average pump power, and the lines are from Eq. (3.25) for different values
of the γ̃1 parameter. For these curves, we have used (β̄ (2) δβ (0) )−1/2 ≈ 12.545 from
section 3.2, and it appears that the range of γ̃1 ≈ (7.2 − 8.0)/W.km in Eq. (3.25)
covers the measured data. We emphasize that γ̃1 is the only free parameter in
Eq. (3.25) and the fact that the experimental measurement and theoretical results
appear to be so consistent is non-trivial, given the exponential sensitivity of the
system even to the slightest fluctuation and misalignment. The suggested range of
the γ̃1 parameter results in an approximate value of the nonlinear refractive-index
coefficient n2 ≈ (2.4 − 2.6) × 10−16 cm2 /W, which is consistent with the published
report of n2 in the wavelength range used in our experiments [76].
The data presented in Fig. 3.5(b) is the same as the green circles in Fig. 3.5(a),
except it is categorized for each fiber sample. Each marker shape in Fig. 3.5(b)
indicates a different fiber among the 10 fiber samples used in the experiment. The
figure indicates that individual measurements also closely follow the exponential
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scaling of the Stokes power with the pump power. We emphasize that in practice,
even very small inevitable variations in the alignment of the free-space pump laser
beam into the fiber are severely exaggerated in the generated Stokes power. This is
due to the extreme sensitivity in the exponential dependence of the Stokes power in
Eq. (3.25) to the input pump power. Even a minor change in the pump power or
change in the value of nonlinearity that may be caused by temperature variations in
the fiber can significantly alter the expected output Stokes power, as can be verified
from Eq. (3.25). This can explain the small variation in the results presented in
Fig. 3.5(b).
Careful handling of the fiber is required in this experiment. Occasionally, the fiber
burns at the input tip because of the high pump intensity. Moreover, we sometimes
observe fiber fuse or catastrophic destruction damaging the whole fiber core [29, 53],
where we see the propagation of optical discharge (high-density plasma) along the
fiber core with the speed of a few millimeters per second. We also observe that the
rate of the fiber fuse (propagation speed of the destruction) depends on the pump
power coupled into the fiber [90].

3.5

Spectral shift due to pump power

Earlier in this chapter the Stokes and anti-Stokes wavelengths were calculated using the linear phase-matching of Eq. (4.7) and the nonlinear contribution to phasematching was assumed to be negligible. The spectral shift of the Stokes due to a
change in the pump power to the first order approximation in the pump power is
given by
γ̃2
δΩpm
=p
.
δPp
β̄ (2) δβ (0)

(3.26)

The measurement of this spectral shift is limited by the resolution of the CCS200
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Thorlabs spectrometer. The scatter plot of a few measurements of the Stokes peak
wavelength versus the output pump power are shown in Fig. 3.6. A linear fit to the
measurement results in γ̃2 ≈ 1.643/W.km., which is considerably smaller than the
earlier estimated value of γ̃1 ≈ 7.6/W.km. This can be understood by comparing the
definitions of γ̃1 and γ̃2 in Eqs. 3.9 and 3.33 and the following plausibility argument.

Figure 3.6: Experimental result indicating that the Stokes peak is blue-shifted as the
pump power is increased.

The third order nonlinear susceptibilities in Eq. (3.33) can be categorized in two
species: those with all equal frequency arguments like χ(3) (ωp ; ωp , −ωp , ωp ) which
we collectively refer to as χ↑ ; and those with different frequency arguments like
χ(3) (ωs ; ωp , −ωa , ωp ), which we collectively refer to as χ↓ . Using Eqs. 3.9 and 3.33,
we can approximate γ̃1 and γ̃2 as
γ̃1 ≈

√

ωs ωa χ↓ ≈ ωp χ↓ ,

(3.27)

γ̃2 ≈ (ωs + ωa ) χ↓ − ωp χ↑ = ωp (2χ↓ − χ↑ ).
It is plausible to assume that the nonlinear coupling of distant frequencies is less
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effective than nearby or identical frequencies. We are not aware of any direct experimental measurement and comparison of nonlinear susceptibilities for such distant
frequencies in the literature; therefore, we resort to the plausible statement of χ↓ < χ↑
that directly implies γ̃2 < γ̃1 (see Eq. (3.27)).

3.6

Discussion and conclusion

Intermodal FWM in a short segment of SMF-28 has been investigated theoretically
and experimentally. The fiber is pumped with a 680 ps green laser; red Stokes
and blue anti-Stokes beams are generated in different modes of the fiber due to
the intermodal FWM. An analytical formula for Stokes (and anti-Stokes) is derived,
which is in good agreement with experimental measurements. The Stokes and antiStokes are generated with spectral shifts that are considerably larger than the SRS
bandwidth; therefore, they are not contaminated by SRS. The presented scheme is
suitable for the generation of high-purity quantum entangled photons.

3.7
3.7.1

Appendix
Optical fiber parameters

The Corningr SMF-28e+r fiber used in this experiment is a well-known commercially available fiber commonly used for optical communications at 1550 nm. The
official specifications of this fiber are: core radius = 8.2 µm, numerical aperture =
0.14, and Mode-Field Diameter (MFD) at 1550 nm = 10.4±0.5 µm. The refractive
index profile and dopants in commercial fibers are quite complex and proprietary
to the manufacturers. In fact, we tested a simple step-index fiber profile using the
published fiber specifications and the phase-matched wavelengths differed by 2.5 nm
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and 1.2 nm from the experimentally measured wavelengths of Stokes and anti-Stokes,
respectively, indicating a more complex profile, as expected [61].

Figure 3.7: (a) Refractive index difference and mode-field diameter at 1550 nm for
pump laser at 532 nm. (b) Core radius and index difference for different Stokes
wavelengths. ∆ ranges have been selected as typical values for single-mode fibers.

The main purpose of this chapter is to investigate the rate of Stokes and antiStokes generation in a multimode fiber in detail and the exact shape of the index profile is relatively inconsequential, except in setting the phase-matching wavelengths.
Here, we take a pragmatic approach and adjust the specifications of the fiber index
profile within reason to fit the measured MFD and the phase-matched FWM wavelengths. In Fig 3.7(a), we assume a step-index profile and make a contour-plot of the
expected Stokes wavelength at LP02 mode as a function of the core-cladding index
difference ∆ and fiber core radius. Publicly available fused silica Sellmeier parameters are assumed here, which are likely to be different by small amounts from the
proprietary values for the specific manufacturer. The expected MFD at 1550 nm is
also plotted as a function of ∆ by using a core radius from Fig 3.7(a) which can give
Stokes at 655.4 nm as observed in the experiment. The minimum accepted MFD
from the published specifications by Corning is 9.9 µm at 1550 nm, limiting the valid
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values of ∆ to smaller than 0.33% from Fig 3.7(b). Given the results of Fig 3.7(a)
and Fig 3.7(b), we choose ∆=0.3% and core radius = 4.23 µm as the most reasonable values that best fit the observed FWM results and are close to the published
manufacturer specifications.

3.7.2

Coupled nonlinear Schrödinger equations

The coupled set of nonlinear Schrödinger equations that describe the propagation and
mutual coupling of the pump, Stokes, and anti-Stokes can be written as [3, 10, 82]

∂Ap
= iX ωp ηpppp χ(3) (ωp ; ωp , −ωp , ωp ) Ap A∗p Ap
∂z

(3.28a)

+ 2 ηppss χ(3) (ωp ; ωs , −ωs , ωp ) As A∗s Ap
+ 2 ηppaa χ(3) (ωp ; ωa , −ωa , ωp ) Aa A∗a Ap

+ 2 ηppsa χ(3) (ωp ; ωs , −ωp , ωa ) As A∗p Aa Φ∗ ,

∂As
= iX ωs ηssss χ(3) (ωs ; ωs , −ωs , ωs ) As A∗s As
∂z

(3.28b)

+ 2 ηppss χ(3) (ωs ; ωp , −ωp , ωs ) Ap A∗p As
+ 2 ηssaa χ(3) (ωs ; ωa , −ωa , ωs ) Aa A∗a As

+ ηppsa χ(3) (ωs ; ωp , −ωa , ωp ) Ap A∗a Ap Φ ,
where X = 3/(40 n2 c2 ) (n is the refractive index of the fiber and c is the speed of light
in vacuum). Ap , As , and Aa are slowly varying envelopes of the pump, Stokes, and
anti-Stokes at carrier frequencies ωp , ωs , and ωa , respectively–they are normalized
such that |Ap |2 represents the pump optical power, and so on. The NLSE for antiStokes is not explicitly written but can be obtained from Eq. (3.28b) by swapping
ωs and ωa (s ↔ a). The medium is assumed to be lossless, so the third-order
nonlinear susceptibility is real-valued. The phase term is defined as Φ = exp(i∆β z).
The phase mismatch between the pump, Stokes, and anti-Stokes fields is given by
Eq. (3.3). The third-order susceptibility χ(3) (ωq ; ωm , ωn , ωp ) is defined according to
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the convention of Ref. [10], for which ωq = ωm + ωn + ωp is assumed. The totally
symmetric nonlinear coupling terms are defined as
Z
ηijkl = d2 x Fi∗ Fj Fk∗ Fl , i, j, k, l ∈ {p, s, a},

(3.29)

where Fp , Fs , and Fa are the mode field profiles evaluated at ωp , ωs , and ωa ,
respectively. Each mode field profile is assumed to be normalized to unity, i.e.
R 2
d x |Fi |2 = 1.
The total optical power is conserved in Eq. (3.28) as the pump, Stokes, and
anti-Stokes propagate through the optical fiber and exchange power.

d
|Ap |2 + |As |2 + |Aa |2 = 0
dz

(3.30)

The photon number flux is also conserved (Manley-Rowe relations)
−

1 dNp
dNs
dNa
=
=
,
2 dz
dz
dz

Ni = |Ai |2 /~ωi , i = p, s, a,

(3.31)

where Eq. (3.31) implies that a Stokes and anti-Stokes photon pair is generated from
the annihilation of a pair of pump photons. In deriving Eqs. 3.30 and 3.31, we have
used full permutation symmetry and the fact that the third-order susceptibility is
real-valued [10]
χ(3) (ωp ; ωs , −ωp , ωa ) = χ(3) (ωs ; ωp , −ωa , ωp ) = χ(3) (ωa ; ωp , −ωs , ωp ).
We may assume that the pump power is considerably stronger than the Stokes
and anti-Stokes and does not change appreciably along the fiber (undepleted pump
approximation). Under this assumption, Eq. (3.28) can be linearized in terms of the
Stokes and anti-Stokes field, where only terms proportional to second power in the
pump field are retained:
∂z Ap = iγpp |Ap |2 Ap ,

(3.32a)

∂z As = 2iγss |Ap |2 As + iγsa A2p A∗a Φ,

(3.32b)

∂z Aa = 2iγaa |Ap |2 Aa + iγas A2p A∗s Φ,

(3.32c)
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where we have used the following definitions:
γpp = X ωp ηpppp χ(3) (ωp ; ωp , −ωp , ωp ),

(3.33)

γss = X ωs ηppss χ(3) (ωs ; ωp , −ωp , ωs ),
γaa = X ωa ηppaa χ(3) (ωa ; ωp , −ωp , ωa ),
γsa = X ωs ηppsa χ(3) (ωs ; ωp , −ωa , ωp ),
γas = X ωa ηppsa χ(3) (ωa ; ωp , −ωs , ωp ).
Equations (3.32b) and (3.32c) can be used as a heuristic starting point to write
a Hamiltonian with As and Aa as field variables and quantize the field theory, as
written in Eq. (3.1). Ap is assumed to be a strong, coherent (classical) field.
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Four-wave mixing of a laser and its
frequency-doubled version

The nonlinear phenomenon of Four-Wave Mixing (FWM) in optical fibers [4, 107]
has been studied extensively over the past few decades owing to its wide range of
applications in parametric amplifiers and frequency conversion [87,106], supercontinuum generation [88, 123], squeezed-state generation [60], quantum-state-preserving
frequency conversion [74], entangled photon pair generation [15], and heralded single
photon generation [36]. The first observation of FWM in glass optical fibers was
reported by Stolen et al. in 1974 [108].
For efficient nonlinear interactions and especially for the observation of FWM,
proper phase-matching of the nonlinearly interacting beams is required [3]. Phasematching can be achieved by various methods, such as the near zero-dispersion
wavelength matching [51, 63], birefringence matching [35, 100, 111], divided-pump
process [104, 105], and intermodal phase-matching [25, 28, 106]. In this work, we
focus on intermodal phase-matching using a degenerate FWM scheme [106], where
both pump photons are at the same wavelength and propagate in the same fiber
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mode. The primary advantage of the degenerate FWM scheme with intermodal
phase-matching is that the phase-matching can be achieved with idler, pump, and
signal frequencies having large spectral separations [87, 106].
In a conventional degenerate-pump fiber optical parametric amplifier, if pump
and signal co-propagate in the fiber, they can exchange energy and also generate the
idler. Signal and idler can grow together if the pump power is sufficiently larger than
that of the signal and idler. In principle, it is possible to generate both the idler
and signal in an optical fiber using only the pump beam [87], where the signal and
idler are seeded from the quantum vacuum noise. Alternatively, it is possible to send
strong signal and idler beams into an optical fiber and generate pump photons from
the quantum vacuum [75]. We would like to highlight the convention used in this
chapter for labeling the interacting beams as the idler, pump, and signal, which is
based on their frequencies ωi , ωp , and ωs , respectively. The terms idler, pump, and
signal only signify the decreasing order in frequency of the three waves interacting
in the degenerate FWM process (ωi > ωp > ωs ) and have nothing to do with which
frequencies are actually injected into the fiber at the input. For example, in Ref. [75],
based on our convention, signal and idler lasers are injected into the fiber while pump
photons are generated spontaneously along the fiber.
The main purpose of this chapter is to show that it is possible to couple a laser
beam and its frequency-doubled daughter into a multimode optical fiber through
degenerate FWM process and generate a new wavelength in this process. The
frequency-doubled daughter can be generated in an external crystal with a large
χ(2) nonlinearity [10]. For example, the 1064 nm laser beam generated from an
Nd:YAG (neodymium-doped yttrium aluminum garnet) laser can be frequency doubled by a nonlinear crystal to 532 nm: if both the 1064 nm and 532 nm beams are
injected into a multimode optical fiber, it is possible for them to interact via FWM
and generate a new wavelength. Here, it will be argued that this possibility is within
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the design parameter range of conventional multimode optical fibers. Moreover, our
analysis shows that this possibility necessitates a lower-bound for the core-cladding
index contrast of the multimode optical fiber.
This chapter focuses on the phase-matching conditions among multiple spatial
modes, and because these conditions do not depend on the polarization state of the
participating waves, it is assumed that all waves are linearly polarized along the
x̂ axis and that they maintain their state of polarization while propagating in the
MMF. However, the polarization state of the waves can affect the strength of the
FWM process, which can be easily incorporated into an analysis that concerns the
rate of the processes.

4.1

Energy conservation and phase matching

For degenerate FWM with intermodal phase-matching, the idler, pump, and signal
fields can each belong to a different spatial mode of the optical fiber. A necessary
condition for the observation of FWM is the conservation of energy, where the sum
of the energy of the annihilated photons must be equal to the sum of the energy of
the generated photons. This condition is expressed as
2 ωp = ωi + ωs ,

Ω = ωi − ωp = ωp − ωs ,

(4.1)

where Ω is the frequency shift for the degenerate FWM process.
For the FWM process, the input source and its frequency-doubled daughter can
either be in the form of: (a) the pump-signal (ωp ,ωs ) pair, where ωp = 2ωs , or
(b) the idler-signal (ωi ,ωs ) pair, where ωi = 2ωs . These possibilities are shown in
Fig. 4.1 and will be referred to as scenario (a) and scenario (b), respectively. The
above mentioned scenarios can be combined with the photon energy conservation in
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Eq. 4.1 to obtain



ωs = ωp /2



(a) : ωp = 2 ωs ⇒ ωi = 3 ωp /2




Ω = ω /2
p




ωs = 2 ωp /3



(b) : ωi = 2 ωs ⇒ ωi = 4 ωp /3




Ω = ω /3
p

,

.

(4.2)
There may seem to be a third scenario, which is marked as scenario (c) with ωi =
2ωp in Fig. 4.1; however, using Eq. 4.1, it can be seen that this scenario results in
ωs = 0, which is unphysical. Therefore, the only two possibilities are scenario (a)
and scenario (b) that will be discussed in the rest of this chapter.
Intermodal phase-matching relies on the difference between the dispersion properties of different modes in a multimode optical fiber, where unlike a single-mode
fiber, phase-matching can be achieved without any assistance from the nonlinear
phase shift. Using the intermodal phase-matching and a single-mode pump configuration, it is possible to obtain larger spectral shifts between the idler, pump, and
signal compared with other phase-matching techniques [65,104]. This is particularity
important for scenario (a) and scenario (b) because the frequency shift Ω should be
quite large in either case, as can be seen in Eq. 4.2. The statement for the intermodal

Figure 4.1: Idler, pump, and signal interact via the degenerate FWM mechanism
inside an optical fiber. (a) In scenario (a), the input source and its frequencydoubled daughter constitute the pump-signal (ωp , ωs ) pair, where ωp = 2ωs ; (b) In
scenario (b), the input source and its frequency-doubled daughter constitute the the
idler-signal (ωi , ωs ) pair, where ωi = 2ωs ; and (c) scenario (c) with idler-pump (ωi ,
ωp ) pair and ωi = 2ωp results in ωs = 0, so it is unphysical.
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phase-matching in the absence of nonlinear phase shift can be expressed as
β (s) (ωs ) + β (i) (ωi ) = 2β (p) (ωp ),

(4.3)

where β (s) (ωs ) signifies the propagation constant of the signal and so on. The ωs
argument in β (s) (ωs ) emphasizes (somewhat redundantly here) that the propagation
constant is evaluated at ωs , and the superscript labels the spatial mode in which the
signal is propagating. The same convention applies to the idler and pump.
The phase-matching expression of Eq. 4.3 can be written as only a function of ωp
and Ω. It is convenient (and accurate for most applications) to expand Eq. 4.3 to
the second order in Ω around ωp to obtain [87, 106]

 


1  (s)
(i)
(s)
(i)
(s)
(p)
(i)
β2 + β2 Ω2 = 2β0 − β0 − β0 + β1 − β1 Ω,
2

(4.4)

∂ ν β (µ) (ω)
, µ = i, p, s; ν = 0, 1, 2 are evaluated at ωp . As be∂ω ν
ωp
fore, the superscript labels the spatial mode in which the idler, pump, and signal
(µ)

where all βν

=

propagate. The subscript identifies the order of the Taylor expansion in Ω.
(s)

(i)

β1 and β1 in Eq. 4.4 are equal to the inverse of the group velocities of the signal
mode and idler mode, respectively, and both are evaluated at the pump frequency
ωp . If the signal and idler propagate in the same spatial mode, e.g., as is the case
(s)

(i)

with a single-mode optical fiber, then β1 = β1 and the term linear in Ω vanishes
in Eq. 4.4. Even if the signal and idler propagate in different spatial modes, the
difference between the group velocities of these spatial modes is often very small [87]
(s)

(i)

(especially because β1 and β1 are both evaluated at ωp ) and the linear term in Ω has
only a minor effect on determining the solution for Ω in the quadratic Equation 4.4.
Fibers can also be engineered to have modes with equal group velocities at certain
wavelengths; e.g., common commercial graded index multimode fibers are designed
such that all their modes have equal group velocities at 850 nm wavelength [71, 78].
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We can write Eq. 4.4 as
β̄2 Ω2 = δβ0 + δβ1 Ω,

(4.5)

where
δβ0 =



(p)

(s)

(i)

2β0 − β0 − β0



,

δβ1 =



(s)

(i)

β1 − β1



,

β̄2 =

The solution to the quadratic equation 4.5 can be expressed as
s
δβ0 δβ1
±
,
Ω≈
β̄2
2β̄2


1  (s)
(i)
β2 + β2 .
2
(4.6)

(4.7)

where we have assumed that |δβ (1) |  2(β̄ (2) δβ (0) )1/2 [87]. Also, without loss of
generality, Ω in Eq. 4.7 is taken to be the absolute value of the solution of Eq. 4.5
so that it can represent the frequency shift of the idler relative to the pump. In this
chapter, our intention is to present a basic feasibility analysis for scenario (a) and
scenario (b) and derive order of magnitude limits on the fiber specifications; therefore,
it is permissible to drop the nearly negligible δβ1 term and use the approximate
expression
β̄2 Ω2 ≈ δβ0 ,

(4.8)

in the rest of this chapter.
We have made certain assumption in our derivations; e.g., we have only kept terms
up to the second order in Ω around ωp in Eq. 4.4, or we have assumed that the group
velocities of the modes are nearly equal. These assumptions are reasonably valid for
conventional weakly guiding optical fibers; however, one needs to be cautious when
extending such analyses to strongly guided fibers for which the dispersive waveguiding
effects are prominent (see e.g. Ref. [1]). In such cases, a fully numerical study is
warranted to explore the parametric interactions suggested here.
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4.2

Lower-bound on the core-cladding refractive
index step

Equation 4.8 can be used to drive a constraint on the core-cladding refractive index
step of the multimode fiber within which scenario (a) or scenario (b) can be observed.
The effective refractive index of each guided mode in an optical fiber is between the
core refractive index (nco ) and cladding refractive index (ncl ). If we apply this to the
idler, pump, and signal spatial modes at the pump frequency ωp , we get
(µ)

ncl ωp /c < β0 < nco ωp /c,

µ = i, p, s.

(4.9)

Equation 4.9 combined with the definition of δβ0 from Eq. 4.6 results in
|δβ0 | . 2(nco − ncl ) ωp /c

⇒

|β̄2 | Ω2 . 2(nco − ncl ) ωp /c,

(4.10)

where Eq. 4.8 has also been used in the last step.
In Eq. 4.10, for most practical purposes, β̄2 of Eq. 4.6 can be accurately described
by only the chromatic dispersion, and the waveguiding contribution to its value can
be ignored in the phase-matching process, as has also been verified numerically in
similar situations [87, 106]. Therefore, we can assume that

1  2 00
0
β̄2 =
ω n (ωp ) + 2 ωp n (ωp ) ,
c ωp p

(4.11)

where n0 = ∂n/∂ω and n00 = ∂ 2 n/∂ω 2 . The expression for β̄2 in Eq. 4.11 can be used
in Eq. 4.10 to obtain
(nco − ncl )
Ω2 n00 (ωp ) Ω2 n0 (ωp )
∆ & ∆th , where ∆ =
, and ∆th =
+
.
nco
2 n(ωp )
ωp n(ωp )
(4.12)
The inequality expression of 4.12 presents an approximate lower bound for the
relative step index ∆ to achieve intermodal phase matching, where ∆th can be evaluated using the Sellmeier equation for fused silica. The statement for the lower bound
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of the relative step index ∆ is general and applies to any intermodal phase matching
process, subject to the approximations used so far; in order to use it for scenario (a)
and scenario (b) of Fig. 4.1, we must use the appropriate values of Ω from Eq. 4.2.
In Fig. 4.2, the lower-bound for the relative step index is plotted for scenario (a)
and scenario (b) of Fig. 4.1, as a function of the pump wavelength λp . We emphasize
again the term pump is merely used to label the beam with the middle frequency
in the idler, pump, and signal triplet as shown in Fig. 4.1. The required threshold
refractive index step is well within the practical ranges used to fabricate commercial
multimode optical fibers. Therefore, we conclude that the observation of the FWM
parametric process using a laser beam and its frequency-doubled daughter is feasible
in a multimode optical fiber.

Figure 4.2: The lower-bound for the relative step index is plotted as a function of
the pump wavelength for scenarios depicted in Fig. 4.1 and Eq. 4.2: (a) for scenario
(a) with Ω = ωp /2; and (b) for scenario (b) with Ω = ωp /3.

4.3

Intermodal phase-matching for a graded-index
multimode optical fiber

Other interesting observations can also be reported for scenario (a) and scenario (b).
For example, for a graded-index multimode optical fiber, the refractive index profile
is given by
2

n (ρ) =

n20

h

1 − 2∆
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 ρ α i
R

,

(4.13)

Chapter 4. Four-wave mixing of a laser and its frequency-doubled version

where R is the core radius, n0 is the maximum refractive index in the center of the
core, ∆ is the relative index difference between the core and cladding, and α ≈ 2
characterizes a near parabolic-index profile in the core (ρ ≤ R), and α = 0 in the
cladding (ρ > R) [71, 78, 84]. The propagation constant of an optical mode labeled
by an integer mode group g is given by
√
βg ≈ n0 kp −

2∆ g
,
R

kp = 2π/λp .

(4.14)

Given the definition of δβ0 in Eq. 4.6 and the formula for the propagation constants of the modes in Eq. 4.14 (evaluated at the pump frequency ωp ), we can write

δβ0

√
2 2∆
≈
G,
R

(4.15)

where G is an integer that is determined by the mode group numbers of the idler (gi ),
pump (gp ), and signal (gs ) modes and is given by G = (gi + gs )/2 − gp . The reason
that G is integer-valued is that gi and gs cannot differ by one; otherwise, they would
have different angular momenta and the conservation of angular momentum would
prevent the FWM interaction [48, 87, 106]. Using Eq. 4.8, we can rewrite Eq. 4.15 as

X(ωp ) ≈ G,

R
where X(ωp ) = √ β̄2 (ωp ) Ω2 ,
2 2∆

(4.16)

where β̄2 (ωp ) can be approximated by Eq. 4.11. Equation 4.16 states that the degenerate intermodal FWM scenario is possible only if X is equal to an integer, where
the value of the integer G determines the range of possibilities for the mode group
numbers in which the idler, pump, and signal can propagate to interact via FWM.
In Fig. 4.3, X(ωp ) is plotted for scenario (a) or scenario (b) of Fig. 4.1 as a function
of the pump wavelength λp .

51

Chapter 4. Four-wave mixing of a laser and its frequency-doubled version

Figure 4.3: X from Eq. 4.16 is plotted as a function of the pump wavelength for
scenarios depicted in Fig. 4.1 and Eq. 4.2 for a graded-index multimode optical fiber:
(a) for scenario (a) with Ω = ωp /2; and (b) for scenario (b) with Ω = ωp /3. The
degenerate intermodal FWM scenario is possible only if X is equal to an integer.

4.4

Discussion

Both scenario (a) and scenario (b) of Fig. 4.1 are possible in a multimode optical fiber. However, there is a fundamental difference between these two scenarios.
scenario (a) is a stimulated FWM process, because two pump photons and one signal photon are available from classical laser sources at each FWM interaction and
the idler is generated through the classical parametric conversion. On the other
hand, scenario (b) is a spontaneous FWM process, because one idler photon and
one signal photon are available from the classical laser sources, while another pump
photon must be supplied by the quantum vacuum noise to trigger the FWM process. Therefore, scenario (a) is inherently much more efficient than scenario (b).
In practice, scenario (a) can be viewed as a two-step process to achieve third harmonic generation [33, 54]: the original laser at ωs is partially frequency-doubled to
ωp by an external crystal with a large χ(2) nonlinearity; then the original laser and
its frequency-doubled daughter are mixed together in the multimode optical fiber
and under appropriate phase-matching condition, they can generate the idler whose
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frequency is three times larger than ωs , i.e. the original laser frequency.
A suggested experiment for scenario (a) is to start with a laser operating at
λs =1550 nm, frequency-double the laser to λp =775 nm, and then mix the 1550 nm
and 775 nm light sources in a conventional graded-index multimode optical fiber
to generate λs =516.7 nm. To observe scenario (a), the expected value of X at
λp =775 nm is around G = 5. Recall that G = (gi + gs )/2 − gp ; therefore, if the
775 nm beam is efficiently coupled to the lowest order Gaussian-like mode of the
graded-index multimode fiber with gp = 1, we will need to have gi + gs = 12. The
value of gs is also determined by the mode into which the 1550 nm laser is coupled;
e.g., if gs = 1, then gi = 11 which is a well-guided mode in a conventional gradedindex multimode optical fiber [71, 84]. Because efficient FWM requires G to be an
integer, it is advisable to use a tunable laser as the seed, because X varies from
G ≈ 5.6 to G ≈ 4.65 if λs changes from 1500 nm to 1600 nm; therefore, crossing an
integer value of X is guaranteed.
The merits of this work are two-fold: First, it is possible to use this technique
to generate new wavelengths with a single laser and its frequency doubled daughter;
however, this would require precise tuning of the fiber characteristics or the laser
wavelength. Second, this analysis provides a platform to interpret nonlinear fiber
experiments. When a high power laser from a frequency-doubled source is coupled
into an optical fiber, it is possible for the source to be contaminated with the prefrequency-doubled laser beam. In certain situations, this can give rise to clear peaks
in the output spectrum that are the result of the nonlinear beating between the source
and the contaminant. Our analysis points out to this possibility when experimental
measurements are analyzed and interpreted.
The discussions in this chapter have focused on the degenerate FWM process.
It is possible to extend the analysis to the case of the non-degenerate FWM, where
the two pump photons belong to different modes or have different frequencies. If
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the two pump photons belong to different modes but are at the same frequency, a
generalization of scenario (a) with a classical parametric FWM process is feasible,
as long as the pump photons are coupled to the right modes. However, if the two
pump photons have different frequencies, only one of them can be supplied from the
frequency-doubled daughter laser of scenario (a); therefore, the FWM process will
be inefficient because it will need to be assisted by the quantum vacuum noise.
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Chapter 5
State-engineered photon-pair
generation in a step-index MMF

Generation of photon pairs and preparing them in a specific quantum state, from
highly entangled to factorable photon pairs, is the backbone of many quantum optical technologies [9, 41, 55, 121]. Heralded single photon sources where the detection
of one photon heralds the imminent arrival of the second photon can be used for
quantum information processing when the photon pair source is in a factorable state
i.e. each photon is in a pure-state. Parametric down conversion (PDC) [46] and fourwave mixing (FWM) [104] are the two main processes that are used for photon pair
generation. FWM uses χ(3) Kerr nonlinearity to generate photon pairs inside an optical fiber with the advantage of low-loss coupling to other fiber optic communication
components [37].
Photon pair generation has been reported in single-mode [7], birefringent [35,
63, 100, 101], dispersion-shifted [59, 115, 122], and micro-structured optical fibers [5,
34, 39, 89, 95, 102]. There has been a recent surge of interest in nonlinear optics of
multimode fibers because of their rich nonlinear and dispersive properties [71,84,123,
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126]. Photon pair generation in multimode optical fibers based on the χ(3) parametric
process [104,105] offers many attractive properties. So far, the opportunities to tailor
the quantum state of photon pairs in the rich landscape of multimode optical fibers
has not received the attention it deserves. Photon pair generation in a multimode
setting has been reported earlier in a few cases, e.g. in birefringent fibers [26, 100].
However, quantum properties and purity analysis of photon-pair state in multimode
fibers has not been analyzed in the published literature.
In this chapter, we will explore the generation of the photon pairs in a commercial
grade multimode optical fiber (Corning SMF-28 in the visible spectrum). We develop
and employ geometrical and graphical tools to study quantum correlations of the
generated photon pairs, analyze the purity of the heralded single photons, and explore
the possibility for generating pure-state heralded single photons. We would like
to emphasize the key advantages of photon-pair generation in multimode fibers.
First, the photon pairs can be generated with a large spectral shift from the pump
so that they can evade the contamination from both the residual pump photons
and the spontaneous Raman scattering (SRS) photons [87, 104, 105]. Second, the
generation of photons in different spatial modes can provide opportunities for spatial
mode entanglement [52]. Third, the presence of multiple modes allows simultaneous
generation of photon pairs at different wavelengths (phase-matching points) in the
same fiber [87]. Forth, here we have shown that the correlation of the photon pairs
can be readily controlled from a fully factorable to an entangled state.
The theoretical results here suggest that it is possible to generate factorable
photon pairs over a wide range of wavelengths in multimode fibers. Pure heralded
photons can be generated over a wide range of wavelengths by varying the pump
wavelength without the need for dispersion engineering [92, 96]. The pair-generation
process and state properties are more robust compared with those obtained from
birefringent-based phase-matching, because the birefringence can be easily affected
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by the external changes such as temperature variations [64, 120]. The diversity of
multiple phase-matchings using different sets of modes makes it possible to generate
highly-factorable to fully-entangled two-photon states in these fibers.

5.1

Two-photon state

In a spontaneous FWM process, two pump photons Ep and Ep0 are jointly annihilated
to create a photon pair comprised of a signal photon Es and an idler photon Ei . In
a multimode optical fiber each photon involved in the FWM process can belong to
a different spatial mode of the optical fiber identified by subscripts p, p0 , s, and i.
Generated signal and idler photons can be co- or cross-polarized with the pump.
Here, we only consider the co-polarized case because it has a nonlinear production
efficiency of three time larger than the cross-polarized case [68]. Following a standard
perturbative approach the two-photon component of the quantum state generated
by FWM process can be written as
ZZ
|Ψi ∝
dωs dωi f (ωs , ωi ) â†s (ωs ) â†i (ωi ) |0i ,

(5.1)

where â†j (ω) is the photon creation operator at wavelength ω and spatial mode j.
The joint spectral amplitude (JSA) f (ωs , ωi ) is given by [15, 16]
ZZZ
f (ωs , ωi ) =
dz dωp dωp0 Ep (ωp ) Ep0 (ωp0 ) eiκz .

(5.2)

κ is the phase mismatch term that will be defined later in Eq. 5.9. Ep (ωp ) is the
spectral amplitude of the pump and is modeled as a Gaussian function, and is defined
by the total pulse energy Ep , pump carrier frequency ω̄p and pump bandwidth σp
p


Ep
(ωp − ω̄p )2
.
(5.3)
Ep (ωp ) = √ exp −
σp2
σp π
In this chapter, we assume a degenerate-frequency pump configuration where the
two pump photons share the same spectral information. We also assume degenerate-
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spatial-mode pump configuration where the two pump photons travel in the same
spatial mode of the optical fiber. The reason we consider only the single-spatial-mode
pump configuration is that the intermodal phase-matching with a single-spatial-mode
configuration results in a considerably larger spectral shift between the pump, signal and idler photons compared to the non-degenerate mode case and other phasematching techniques [65, 105]. This would be essential in protecting the signal photons from the Stokes-shifted SRS photons and would make it easier to filter out the
residual pump photons. Using the Gaussian pump spectral amplitude from Eq. 5.3
and defining the spectral shifts from phase-matched frequencies of the signal (ω̄s )
and idler (ω̄i ) with
νs = ωs − ω̄s ,

νi = ωi − ω̄i ,

Ω = ωp − ω̄p ,

(5.4)

and using the conservation of photon energies
2Ω = νs + νi ,
we can simplify the JSA from Eq. 5.2 as


Z L
(νs + νi )2
exp(iκz).
f (νs , νi ) ∝
dz exp −
2σp2
0

(5.5)

(5.6)

We note that we have also implicitly assumed the photon energy conservation at
the phase-matched wavelengths where 2ω̄p = ω̄s + ω̄i . For a regular optical fiber the
transverse geometry is invariant in the longitudinal direction; therefore, the phase
mismatch κ (Eq. 5.9) is independent of the z parameter. In this situation, the z
integral can be carried out analytically and we obtain
f (νs , νi ) ∝ φ(νs , νi ) α(νs , νi ),

(5.7)

where φ(νs , νs ) and α(νs , νs ) are the pump and phase-matching terms given by


 κL 
exp iκL/2 ,
(5.8a)
φ(νs , νi ) = sinc
2

(νs + νi )2
α(νs , νi ) = exp −
.
(5.8b)
2σp2
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A factorable state is defined to be a state that can be written as a product of two
functions in the form of S(νs )I(νi ), where S(νs ) and I(νi ) depend only on the signal
and idler frequencies, respectively.

5.1.1

Phase-matching

Proper phase-matching is a necessary condition for the formation of FWM inside
an optical fiber [3]. Phase-matching can be achieved by various methods, such as
the near zero-dispersion wavelength (ZDW) phase-matching [6,51,63], birefringencebased phase-matching [35, 100], and intermodal phase-matching [17, 28, 80, 85, 105].
In this work, we focus on intermodal phase-matching using a single-spatial-mode
pump configuration [104], where both pump photons propagate in the same fiber
mode. We would like to emphasize again that the reason we have chosen the intermodal phase-matching with a single-spatial-mode configuration is that it results
in a considerably larger spectral shift between the pump, signal and idler photons
compared to the non-degenerate spatial mode case and other phase-matching techniques [65, 105]. Intermodal phase-matching relies on the difference between the
dispersion properties of different modes in a multimode optical fiber, where unlike a
single-mode fiber, phase-matching can be achieved without any assistance from the
nonlinear phase shift. The fact that the phase-matched signal and idler wavelengths
are set far from the pump wavelength and are independent of the pump power allows one to vary the pump power and still operate comfortably in the spontaneous
FWM regime. In contrast, decreasing the pump power in a single-mode fiber that is
phase-matched near the ZDW brings the signal and idler wavelengths uncomfortably
close to the pump.
Spontaneous Raman scattering photons in a silica fiber are generated over an
approximately 50 THz frequency bandwidth, red-shifted relative to the pump, with
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a peak at ∼13 THz. Using a suitable optical fiber with properly chosen modal
dispersion, it is possible to generate sufficiently large spectral shifts [65, 87, 105] in
order to protect the FWM signal photons from the SRS pollution. We note that there
have been other attempts aimed at reducing the effect of the SRS, e.g. by polarization
filtering [62], mode-matched filtering [49], or cooling down the fiber [59, 115, 127].
Assuming a single-spatial-mode pump configuration, the phase mismatch κ can
be written as
κ = βp (ωp ) + βp (ωp0 ) − βs (ωs ) − βi (ωi ) − 2γP,

(5.9)

where in βj (ωu ), the index j (j ∈ s, i, p) identifies the spatial modes of the pump,
signal and idler photons and γ is the nonlinear parameter. The phase-matching
condition can be written as
2βp (ω̄p ) − βs (ω̄s ) − βi (ω̄i ) − 2γP = 0,

(5.10)

where ω̄u (u ∈ s, i, p) indicates the phase-matched carrier frequencies.

Figure 5.1: Experimental observation of multiple FWM processes inside a short
piece of SMF-28 fiber, showing the two most efficient processes generated far from
the pump wavelength. (a) and (b) show the observed modes of FWM processes A
and B, respectively as will be discussed in Table. 5.1.
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5.1.2

Inter-modal phase-matching in SMF-28

SMF-28 is a commercial grade optical fiber which is commonly used for single-mode
optical fiber communications at 1550 nm wavelength. In the visible spectrum, this
fiber supports a few spatial modes, so it is a multimode optical fiber. The theoretical calculations and numerical simulations we have done in this chapter are in
correspondence with the theoretical calculations and experimental observations we
recently reported in Ref. [87]. We observed the generation of multiple FWM processes in a 25 cm long piece of Corning SMF-28E+ fiber, which were triggered by both
single-spatial-mode (degenerate) and non-degenerate-spatial-mode pump configurations using a high power 680 ps pulsed pump laser operating at 532 nm wavelength.
A pump in the fundamental LP01 mode of the fiber predominantly results in two
FWM processes: The first process is observed with the signal and idler in LP02 and
LP01 modes, respectively; and the second process is observed with the signal and idler
both in LP11 modes. Here, LPmn represents the spatial transverse field distribution
of the guided linearly polarized mode in the step index fiber [81]. The first process
which we will refer to as process A is usually the dominant output and has the
farthest signal-idler peaks from the pump at 656 nm and 447 nm wavelengths. The
second process which we will refer to as process B results in signal and idler peaks
at 650 nm and 449 nm wavelengths. The measured spectrum and signal-idler spatial
mode shapes for these two processes are shown in Fig. 5.1, where red (left) and blue
(right) colors correspond to signal and idler modes in each subfigure, respectively.
In Fig. 5.2, we have plotted the phase-matching curves as a function of pump
wavelengths in SMF-28 showing both degenerate- and non-degenerate-spatial-mode
pump configurations. The case with the signal and idler pair close to the pump
(orange dots) is for the non-degenerate-spatial-mode pump configuration with the
pump photons propagating in LP01 and LP02 modes and the signal and idler photons
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Figure 5.2: Phase-matching curve as a function of the pump wavelength in SMF-28.
The central diagonal solid black line represents the pump, and the lines above and
below belong to the signal and idler spectra. The two outer dashed black lines relate
to process A and the two dashed-dotted red lines relate to process B. The orange
dots adjacent to the pump represent a case of the non-degenerate-spatial-mode pump
configuration, where the signal and idler are very close to the pump. The dotted blue
line just above the pump indicates the SRS peak.

propagating in LP02 and LP01 modes, respectively. We emphasize that the small
spectral separations between the pump, signal, and idler is a characteristic behavior
of the FWM in the non-degenerate-spatial-mode pump configuration as discussed in
detail in Ref. [105].

The two other FWM processes are far apart from pump (black-dashed and reddashed-dotted) and are generated using a single-spatial-mode pump (LP01 ) configuration. The dotted blue line shows the peak of the SRS and indicates the utility of
the degenerate-pump-configuration to spectrally separate the signal-idler peaks from
the SRS contamination.
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5.2

Quantum state purity

The purity of a quantum system identified by the density matrix ρ is defined as
Tr(ρ2 ), whose value is between zero and one. If the quantum system is in a pure
state |Ψi, then ρ = |Ψi hΨ| and the purity equals one. For the two-photon signalidler quantum state, the detection of one signal (idler) photon heralds the imminent
arrival of the second idler (signal) photon and one would like to know whether the
second idler (signal) photon is in a pure or a mixed state. This can be achieved by
calculating the purity using the reduced density matrix of the second idler (signal)
state. The purity is given by P = Tr(ρ2i ) = Tr(ρ2s ), where ρi = Trs (ρ) and ρs = Tri (ρ)
are the reduced density matrices of the idler and signal, and are obtained by taking
a partial trace over the signal and idler subsystems, respectively. We emphasize that
the purity value is the same for both signal and idler photons.
The two-photon state in Eq. 5.1 can be used to calculate the purity P as

Q R
∞
4
fν1 ,ν2 fν∗3 ,ν2 fν3 ,ν4 fν∗1 ,ν4
dν
i
i=1 −∞
.
(5.11)
P=
R
2
∞
2
dν1 dν2 |fν1 ,ν2 |
−∞
fνi ,νj is the JSA defined in Eq. 5.6 whose frequency arguments are used as subscripts
in Eq. 5.11 to reduce the size of the equation. The denominator in Eq. 5.11 accounts
for normalization of the JSA. In general, purity can be evaluated numerically using
the matrix form
Tr(F.F † )2
P= 2
,
Tr (F.F † )

(5.12)

where F is a matrix which represents the discrete version of the JSA function f (νs , νi )
sampled uniformly over the frequency arguments νs and νi ; therefore, the rows represent the signal and columns represent the idler frequencies.
It is possible to obtain a considerable analytical simplification of the expression
for purity by using Eqs. 5.7 and 5.8 and noting that the main contribution of the
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sinc function to the purity calculation in Eq. 5.11 comes from its central lobe, around
which the sinc can be approximated as a Gaussian of the following form
sinc(x) ≈ exp(−αx2 ),

α ≈ 0.193.

(5.13)

We carry out a first-order Taylor expansion of the propagation constants in frequency
around the phase-matched frequencies. Using the photon energy conservation ω̄p +
ω̄p0 = ω̄s + ω̄i , we obtain an approximate expression for κ in the form
κL ≈ νs τs + νi τi ,

(5.14)

where τs and τi are the group delays between the pump-signal and pump-idler photons
defined by


τs = L βp(1) (ω̄p ) − βs(1) (ω̄s ) ,
i
h
(1)
τi = L βp(1) (ω̄p ) − βi (ω̄i ) .

(5.15a)
(5.15b)

β (1) in Eq. 5.15 signifies the first derivative of the propagation constant relative
to the frequency argument. It should be noted that Eq. 5.14 is valid only for the
single-spatial-mode pump configuration. From Eq. 5.7 and Eq. 5.14, it is clear that
τi , τs , the fiber length L, and the pump bandwidth σp is all we need to have to
construct the JSA. By implementing Eq. 5.13 and Eq. 5.14 in the Eq. 5.8, JSA can
be rewritten as




f (νs , νi ) ∝ exp i(νs τs + νi τi )L/2 × exp − (νs2 τ12 + νi2 τ22 + 2 c νs νi τ1 τ2 ) ,
(5.16)
given
τ12 =

ατs2
1
+
,
2σp2
4

1
ατi2
+
,
2σp2
4
1
ατs τi
c τ1 τ2 = 2 +
.
2σp
4
τ22 =

64

(5.17a)
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From Eq. 5.16 it is clear that if c τ1 τ2 = 0 then JSA would be factorable in νs and νi ,
which corresponds to the absence of correlations between the frequencies of the idler
and signal photons. This could be achieved only if both terms are equal to zero or
τs τi < 0. The latter means that one of signal and idler photons should travel faster
than pump photons while the other one travel with a group velocity smaller than
pump photons [39]. After a few line of algebra we have shown that purity for the
JSA given by Eq. 5.16 would be
P=

√
1 − c2 .

(5.18)

This means that for JSA of Eq. 5.16 one can find the purity by only knowing the
parameters given by pump bandwidth, fiber length, and dispersion parameters of the
optical fiber using Eq. 5.17c.

5.2.1

Joint spectral amplitude ellipse

The joint spectral amplitude has an elegant geometrical description based on the
elliptical form of its magnitude in Eq. 5.16. The ellipse describes the contour of the
maximum amplitude of JSA in the shifted frequency coordinates νs and νi . Using
this geometrical description, we will argue that the state purity is only a function of
the shape of the ellipse and its orientation relative to the νs -νi axes and the size of
the ellipse does not affect the purity.
Using a coordinate transformation (rotation by angle θ) of the form
νs0 = νs cos θ − νi sin θ,

(5.19a)

νi0 = νs sin θ + νi cos θ,

(5.19b)

it is possible to convert the elliptical shape in Eq. 5.16 to the following factorable
form


f (νs0 , νi0 ) = A exp −νs02 /a2 exp −νi02 /b2 .
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The JSA in new coordinates is identified by the angle θ and the ellipse semi-major
and -minor axes a and b, respectively. These parameters are related to the parameters
in Eq. 5.17 (τ1 , τ2 and c) by
cos2 θ sin2 θ
+ 2 ,
a2
b
2
cos θ sin2 θ
+
,
τ22 =
b2
a2
1
1
c τ1 τ2 = sin θ cos θ 2 − 2 .
b
a
τ12 =

(5.21a)
(5.21b)
(5.21c)

This coordinate transformation is shown in Fig. 5.3.

Figure 5.3: Purity ellipse: a and b are the major and minor axes, respectively, and
θ is the angle between two coordinates (νs , νi ) and (νs0 , νi0 ).

Solving Eq. 5.21 for c and plugging it in Eq. 5.18 gives us the purity as a function
of the geometrical parameters of the JSA ellipse
1
P=p
,
1 + (r − 1/r)2 sin2 θ cos2 θ

b
r= .
a

(5.22)

This result implies that purity is only determined by the ellipse shape parameter,
i.e. its aspect ratio r and the its orientation angle θ. Therefore, the ellipse area πab
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can take any value and as long as the aspect ratio and the orientation angle remain
unchanged, the purity remains the same.
From Eq. 5.22, it can be shown that in order to get a factorable two-photon state
with P = 1, it is sufficient to have θ = 0 or θ = π/2 which means that the ellipse axes
are aligned with the shifted frequency coordinates νs and νi . This is clear because
in this case, the JSA in Eq. 5.16 becomes factorable to two independent Gaussians
in νs and νi and c = 0 as expected. We also note that from Eq. 5.22, it is possible to
obtain P = 1 when r = 1. This is the limit where the ellipse turns into a circle and
because the circle does not have a preferred orientation, one would naturally expect
to obtain the same result for θ = 0, π/2.
For the case of r = 1, one can use Eqs. 5.17a, 5.17b, 5.21a, and 5.21b to show
that it results in τ12 = τ22 and τs = −τi , where c = 0. Therefore, the group velocity
mismatch between pump-signal and pump-idler photons are equal and with opposite
signs, resulting in a symmetric temporal separation of the signal and idler from the
pump. In other words, the idler is delayed and signal is advanced relative to the
pump with the same amount or vice versa. It is also possible to obtain the purity
of equal to one in an extreme case when r → ∞ or r → 0. This situation requires
either τi → 0 or τs → 0, in addition to having a ultra-broadband pump σp → ∞.
From a practical point of view, the most interesting scenario for purity of equal
to one with c = 0 corresponds to the case where τs τi = −2/ασp2 . Because τs and
τi are proportional to the fiber lengths, this means that for a given FWM process
in an optical fiber, it is possible to either tune the length of the fiber or the pump
bandwidth to obtain purity of one, resulting in a factorable two-photon state. We
note that our discussions so far have relied on the Gaussian approximation to the
sinc function in Eq. 5.13. There are certain differences between the purity calculated
from the sinc function and its Gaussian approximation that will be discussed in detail
in the next section using the purity contours.
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5.2.2

Purity contours

In the previous section, we argued that the purity of a two-photon quantum state
is only a function of the dimensionless parameters that identify the shape and the
orientation of the purity plot. These dimensionless parameters are constructed from
the physical attributes of the system including the pump bandwidth, fiber length,
and dispersion parameters. We define two dimensionless parameters r1 and r2 of the
form
r1 =

τs
,
τi

r2 =

σsi
,
σp

q
σsi = 1/ τs2 + τi2 ,

(5.23)

where r1 is the ratio of group velocity mismatch between pump-signal and pump-idler
photons and is independent of the fiber length or the pump bandwidth. Therefore,
r1 is exclusively determined by the design of the fiber refractive index profile which
determines the phase-matching wavelengths and the dispersion parameters. On the
other hand, r2 is the ratio of σsi to the pump bandwidth; therefore, it is inversely
proportional to the fiber length. We will show that these two parameters are sufficient
to determine the value of the purity.
The choice of r1 and r2 to parametrize the purity is very useful in practice. Because r1 is exclusively a function of the refractive index profile of the fiber, it is only
determined at the fiber design stage and cannot be manipulated during an experiment. Of course, this argument is based on the assumption that the experimentalist
has already chosen a fixed pump wavelength as is common in most practical scenarios, because for different pump wavelengths r1 takes different values. The parameter
that can be manipulated readily in an experiment is r2 , either by changing the fiber
length or by modifying the pump bandwidth using a spectral filter. This separation
becomes instrumental in designing an experiment to target a desired value of purity
or set the expectations of what is or is not possible to achieve in an experiment.
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It follows from Eq. 5.18 that the purity can be written in the following form
v
u
2 α r22 (X1 − 2)X1
u
,

(5.24)
P = t
2 r22 X1 + α r1 2 r22 X1 + α/r1
where we have defined
X1 = r1 + 1/r1 .

(5.25)

It should be noted that Eq. 5.18 is based on the Gaussian approximation of the
sinc function. It should also be mentioned that X1 is invariant under r1 → 1/r1
transformation; therefore, it is sufficient to study the purity only in the range of
−1 ≤ r1 ≤ 1. It is also obvious that r2 ≥ 0.
In Fig. 5.4, we present contour plots of purity as a function of r1 and r2 . Fig. 5.4(a)
is determined by Eq. 6.4, which is constructed from the JSA of Eq. 5.16 with the
Gaussian approximation to the sinc function. Using Eq. 6.4, we determine that the
contour corresponding to the purity value of one is parametrized as
r22 (r1 + 1/r1 ) = −α/2.

(5.26)

The contour line corresponding to the factorable two-photon state in Eq. 5.26 is
shown in Fig. 5.4(a) as a dotted line. We note that because −α/2 < 0, the contour
representing the purity of one only lies in the r1 < 0 region.
In Fig. 5.4(b), we show a contour plot of the purity which is calculated directly
using Eq. 5.11 for the JSA of Eq. 5.7 and Eq. 5.8 without approximating the sinc
function with a Gaussian form. While this contour plot closely resembles the one
in Fig. 5.4(a), one can clearly see important differences, especially for purity values
that are close to one. In particular, unlike the case with the Gaussian approximation,
Fig. 5.4(b) clearly indicates that both r1 and r2 must be close to zero in order to
obtain a factorable two-photon state. This visual comparison is essential because it
shows the impact of the Gaussian approximation that is widely used in the literature
on the prediction of the purity of a heralded single-photon state. We remind the
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reader that because of the implicit r1 → 1/r1 invariance of the purity, it is equally
possible to obtain a pure state with r2 → 0 and r1 → ∞. r2 → 0 means that either
pump needs to be very broadband or the fiber must be sufficiently long [23]. On
the other hand r1 → 0 or r1 → ∞ simply means that either the signal or idler must
travel with the same group velocity as the pump.

Figure 5.4: Purity contours: (a) shows the purity contours calculated using Eq. 6.4
with the Gaussian approximation. (b) and (c) show the purity contours evaluated
using Eq. 5.8 and Eq. 5.11 without the Gaussian approximation, where in (c) a
boxcar function ranging from −π to π has been used to filter out the side-lobes of
the sinc function.
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The main source of difference between the purity contours in Fig. 5.4(a) and
Fig. 5.4(b) is the side-lobes in the sinc function that are not accounted for in the
Gaussian approximation to the sinc function in Eq. 5.13. The side-lobes of the sinc
function are likely not interesting given the fact that they are spectrally farther
from the phase-matched wavelengths. Once the idler and signal are separated by a
diffraction grating, the side-lobes will not be easily coupled into the optical fibers
that will carry the signal or idler into the photon counting detectors. Filtering out
the side-lobes results only in 9.72% reduction in the total flux. In Fig. 5.4(c), we show
a contour plot of the purity, exactly similar to that of Fig. 5.4(b), except with the
side-lobes of the sinc function removed by a bandpass box filter. The purity contour
plot with the filtered sinc function strongly resembles the one with the Gaussian
approximation in Fig. 5.4(a). In particular, a large window opens up for purity near
one around the same contour line of Eq. 5.26. Therefore, by sacrificing merely 9.72%
of the flux, it is possible to open up the opportunity to many realistic design scenarios
to achieve a factorable two-photon state using the FWM process in an optical fiber.

5.3

Diversity of phase-matched FWM processes

The presence of multiple spatial modes gives rise to the possibility to satisfy multiple
phase-matched FWM processes at the same time in a multimode fiber as previously
shown in Fig. 5.2. These phase-matching conditions are each satisfied at different
wavelengths and provide an opportunity to generate simultaneous photon pairs at
different wavelengths in the same fiber. However, not all processes are generated
with the same efficiency. In practice, only a few of the possible phase-matched FWM
processes are observed in an experiment. In the stimulated FWM scenarios, one or
more processes can totally dominate and suppress the others. However, for photonpair generation which is a spontaneous process, the relative efficiency of a phase-
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matched FWM process is determined by a totally symmetric nonlinear coupling
term defined as [87]
Z
ηppsi =

dxdy |Fp |2 Fs∗ Fi ,

(5.27)

where Fp , Fs , and Fi are the mode field profiles evaluated at ω̄p , ω̄s , and ω̄i , respectively. Each mode field profile is assumed to be normalized to unity, so that
R
dxdy |Fj |2 = 1 . ηppsi is the overlap integral of the different modes involved in the
FWM process and determines the efficiency of a specific FWM process.
In Fig. 5.5(a) and (b), we show the radial profiles of the modes in the two separate FWM processes A and B, which were discussed in detail in subsection 5.1.2,
respectively. The profiles are determined at their corresponding wavelengths, and
clearly capture the reason behind different efficiencies for different FWM processes
determined by the overlap integral in Eq. 5.27.

Figure 5.5: Normalized radial mode profiles for processes A and B are shown in
subfigures (a) and (b), respectively.
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In Table. 5.1, we have calculated η for the phase-matched FWM processes which
result in large spectral shifts relative to the SRS peak. The calculations are done by
considering several different scenarios where the pump photons can reside in LP01
and LP11 modes and the signal and idler photons can be generated in LP01 , LP11 ,
and LP02 modes. The signal and idler wavelengths, as well as the idler-pump and
pump-signal spectral separation Ωpm and the absolute value of the mode overlap
integral |ηppsi | are listed in this table. In order to easily compare the strengths,
we also show the value of |ηppsi | in Fig. 5.6, indicating the FWM processes from
Table. 5.1. The processes with the pump in the fundamental LP01 mode of the fiber
are more efficient than the ones generated from pump photons in LP11 modes as can
be seen in Table. 5.1 and Fig. 5.6. The more efficient FWM processes with LP01
pump mode are also favored by the conventional coupling of the pump laser to the
optical fiber using an objective lens. Therefore, the comparative results in Table. 5.1
and Fig. 5.6 can also be seen in experiment where the A and B processes are far
more efficiently generated in our experiments.
Table 5.1: The major FWM processes with large spectral shifts in SMF-28 with
532 nm wavelength pump are shown. The overlap integral ηppsi is calculated for
these processes.
Process Pump Signal λs
Idler λi
Ωpm
|ηppsi |
A
B
C
D
E
F
G

LP01
LP01
LP01
LP01
LP11
LP11
LP11

LP02
LP11
LP02
LP01
LP02
LP01
LP02

656
632
712
644
667
580
591

LP01
LP11
LP02
LP02
LP02
LP02
LP01

447
459
424
453
442
490
483

3553
2975
4770
3276
3796
1575
1880

0.0136
0.0175
0.0155
0.0116
0.0090
0.0024
0.0005

Ωpm and ηppsi have units of 1/cm and 1/µm2 , respectively.
The signal and idler wavelengths λs and λi are in (nm).

We would like to emphasize that the efficiency of a FWM process in a multimode optical fiber is proportional to the value of η and the wavelength-dependent

73

Chapter 5. State-engineered photon-pair generation in a step-index MMF

Figure 5.6: Calculated FWM efficiencies for single-spatial-mode pump configurations. The black circles (blue squares) belong to the FWM processes for the pump
photons in the LP01 (LP11 ) mode. The FWM processes of A and B are observed in
our experiments.

third order nonlinear susceptibility χ(3) ; and is inversely proportional to the spectral
separation of the signal and idler from the pump Ωpm , and the normalized average
of the group velocity dispersion evaluated in the signal and idler spatial modes at
the pump wavelength β̄ (2) as defined in Ref. [87]. As an example, η for process C
is slightly larger than process A. However, β̄ (2) ≈ 2.3 × 10−5 cm for both processes,
while the Ωpm is larger for process C. Therefore, (β̄ (2) Ωpm )−1 equals to 9.1 and 12.2
for process C and A, respectively. This means that although process A has a lower
value of η in Fig. 5.6, the other relevant factors make it slightly more efficient, as is
also observed clearly in the experiment.

5.4

Multiple factorable photon-pairs

It was discussed earlier that one could generate a pure state by choosing a proper fiber
length and pump bandwidth. We have found that by assuring the factorable state
condition for one FWM process (e.g. process A), the other one (process B) would
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also become nearly factorable. Fig. 5.7 shows JSA for two FWM processes generated
inside a 6 cm length of SMF-28 using a 532 nm pump with 1 nm bandwidth. The
JSA for both processes are nearly round, so both have high purity. The purity can
also be increased by filtering the side-lobes of the sinc function [30] with minimal loss
of flux as discussed before. This result shows that it is possible to generate multiple
pure-state heralded photons in the same fiber using the same pump laser.

Figure 5.7: Joint spectral amplitude for processes A and B are shown in (a) and (b),
respectively. The SMF-28 is 6 cm long and the pump wavelength is 532 nm with
1 THz bandwidth (equal to 1 nm at 532.0 nm). The purity–calculated without the
Gaussian approximation–for processes A and B is 84% and 83%, respectively. The
purity will be 98% and 94%, respectively, if the sinc side-lobes are filtered out.

5.5

Widely tunable source of factorable two-photon
states

Another interesting observation is that not only is it possible to simultaneously obtain high purity photons from separate FWM processes as discussed in the previous
section, the purity is also not affected much as the pump wavelength is varied over
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a wide range of more than 100 nm. This behavior can be understood from the
phase-matching equation by taking a derivative of Eq. 5.10 with respect to ω̄p to
obtain
dω̄s
2
=
.
1 − τs /τi
dω̄p

(5.28)

From Fig. 5.2, it can be seen that dω̄s /dω̄p does not change appreciably over a wide
pump wavelength range so dω̄s /dω̄p is nearly constant. Therefore, τs /τi remains
nearly constant over a wide pump wavelength range. We recall that τs /τi is the r1
parameter introduced in section 5.2 and is the horizontal axis in the purity contour
plots of Fig. 5.4. In Fig. 5.8, the change in the value of r1 with the pump wavelength
is plotted for processes A and B. Therefore, because changing the pump wavelength

Figure 5.8: r1 as a function of the pump frequency from Eq. 5.28.

does not significantly affect the value of r1 when the pump frequency ω̄p is varied
from 550 THz to 750 THz, the position of the system configuration on the purity
contour plots in Fig. 5.4 can only vary in the vertical direction. We have also shown
that the variation in r2 is small over this range, so the value of purity does not change
appreciably when the pump wavelength is varied. This can be clearly seen in Fig. 5.9,
where Fig. 5.9(a) and (b) are with and without the Gaussian approximation of the
sinc function, respectively. Moreover, because we argued that the purity values of
processes A and B were nearly the same, they remain similar as the pump frequency
is changed.
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Figure 5.9: Purity as a function of the pump wavelength (a) with and (b) without
Gaussian approximation for two FWM processes of A and B shown in black (square
dots) and red (circular dots) colors, respectively. The fiber is 10 cm long and and
the pump bandwidth is 1 THz.

5.6

Discussion

In this chapter, we have presented a detailed account of the purity of a photon pair
generated via intermodal phase matching in a multimode optical fiber and shown
that it is possible to engineer nearly factorable photon-pair state. However, we
emphasize that this is not the only way to generate factorable photon-pair states. For
example, it is possible to engineer the fiber dispersion or tune the pump bandwidth
to generate factorable states in a single-mode optical fiber in which the photon pair is
generated via near-ZDW phase-matched FWM process [23,39]. There are other ways
to generate high purity photon-pair sates as well. For example, Ref. [36] uses two
spectrally distinct pump pulses in optical fibers and shows that the group velocity
difference between the pump pulses and their temporal walk-off results in a gradual
turn-on and turn-off of the FWM interaction that enables the creation of completely
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factorable states in properly designed systems. Birefringence in optical fibers has
also been used to create factorable photon pairs [100, 103].
The main advantage of factorable photon-pair state generation via intermodal
phase matching in a multimode optical fiber is the fact that the photon pairs are
generated with large spectral separations from the pump wavelength, such that the
photon pairs are immune to contamination from spontaneous Raman scattering and
residual pump photons. In addition, a multimode fiber can simultaneously support several phase-matched FWM process, resulting in multiple distinct photon-pair
states. There are however several drawbacks to this method. For example, standard
optical fiber communication systems rely on single-mode fibers supporting only LP01
modes. If the heralded photon is generated in a different mode, it may bear a considerable coupling loss from the multimode to single-mode communication fiber. There
are ways to mitigate this problem, for example by using large period gratings to fully
rotate the non-LP01 mode to LP01 in the multimode fiber [112]. Another draw-back
is the fact the photon-pair generation rate is inversely proportional to the spectral
separation from the pump [87].
The discussion presented in this chapter relies heavily on the integrity of modal
propagation in the optical fiber. This however can be disturbed in the presence of
unwanted mode coupling effects that are triggered by longitudinal inhomogeneities
in the optical fiber. A possible source of variation can be the presence of scatterers
in the optical fiber. Here we use Corning SMF-28 which is a very high quality
telecommunication-grade optical fiber and the coupling length among propagating
modes because of impurities far exceeds the sub-meter lengths suggested in this
chapter. Another source of linear mode coupling can be due to micro- and macrobending effects. Again, the impact of micro-bending on mode-coupling in sub-meter
lengths is virtually zero. Marco-bending can result in coupling among the modes.
To get a sense of the required bending radius to cause significant mode coupling, we
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calculate the coupling coefficient C between LP01 and LP11 modes when the fiber is
bent at a radius of Rc using the methods presented in Refs. [47,73,98] and show that
√
C = n0 πw/ 2Rc λ, where we use the same definition of C as in Ref. [93]. w is the
nominal mode-field radius of the LP01 and LP11 modes and n0 is the core refractive
index. Efficient coupling is only possible if the coupling coefficient C is larger or at
least comparable to the difference between the propagation constants ∆β of LP01
and LP11 modes. It can be shown that ∆β ≈ λ/2n0 a2 , where a is the fiber core
radius. The condition for 50%-level coupling between these modes is C ≈ ∆β/2 (see
Ref. [93]), which results in

√
2 2n20 πwa2
≈ 3.4mm.
Rc ≈
λ2

(5.29)

Therefore, the experimenters must be careful not to create tight bends but bending
the fiber to an average radius of larger than a few centimeters will not cause any
noticeable mode coupling.

Finally, there exists the possibility for Kerr nonlinearity-induced mode coupling
if the pump laser simultaneously excites more than one mode in the fiber where
the nonlinear change in the refractive index can potentially create an effective longperiod grating that affects the integrity of signal and idler modes through nonlinear
cross-phase modulation. This effect is negligible for single-photon generation because
the pump power must be kept rather low to prevent stimulated photon generation;
however, we will show in a subsequent work that this effect can fully rotate modes in
fiber lengths even shorter than one meter in experiments that use high pump power
for new wavelength generation using FWM in multimode fibers such as in the work
presented in Ref. [87].
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5.7

Conclusion

We have studied theoretically the spontaneous four-wave mixing in a multimode
optical fiber as a source of state engineered photon pairs. We have shown that it
is possible to design this source so as to yield photon pairs with a broad class of
spectrally engineered properties, including factorable and wavelength-tunable states.
A major drawback of conventional fiber-based photon pair sources is contamination
by SRS photons; this issue is fully addressed in the configuration presented here
because the idler and signal photons can be generated with spectral shifts that are
much larger than the SRS bandwidth in silica fibers. This alleviates the need for
extra filtering or cryogenic cooling of the fiber to suppress the SRS photons. We have
demonstrated the capability to tailor two-photon states through FWM and generate
pure-state single-photon wavepackets in different fiber modes and through multiple
simultaneous FWM processes. We have also shown the possibility of generating
two separate FWM processes and state-engineering both to obtain simultaneous
factorable states from both. We expect our results to be useful in designing sources
for practical implementations of quantum information processing technologies.
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Chapter 6
State-engineered photon-pair
generation in a graded-index MMF

The ability to control the coherent dynamics of photons and correlations among
them paves the way to generate a wide range of quantum states from heralded single
photons to entangled photon pairs. FWM in optical fibers has been used to spontaneously generate correlated photon pairs [23, 26, 35, 38, 42, 63, 67, 89, 101]. These
signal-idler photons share some information due to the conservation of energy and
momentum. The photon pair correlations can be manipulated via tailoring the joint
spectral amplitude (JSA) of the photon pair [20, 23, 27, 39, 44, 86], giving access to a
variety of quantum states from a highly correlated photon pair (entangled) [62] to
an uncorrelated pair (factorable) that can be used as a heralded pure-state single
photon source [36, 103].
The extra degrees of freedom available in multimode optical fibers (MMFs) can be
used to control the physical attributes of the photon pairs generated via the FWM
process. The presence of multiple spatial modes allows for the intermodal FWM
(IM-FWM) process, which can result in signal (idler) photons with large spectral
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separations from the pump [32, 65, 87]; therefore, they are minimally contaminated
by the residual pump and Raman photons. Different spatial mode combinations can
also result in different IM-FWM processes that allow for the simultaneous generation
of multiple photon pairs in the same fiber [26,86]. The diversity of the group velocities
of different modes can also be used as an effective tool to manipulate the JSA.
Among the general class of MMFs, GIMFs exhibit unique dispersive, nonlinear,
and spatiotemporal properties [12,71,123,124]. For example, their modes can be classified into mode-groups with identical intra-group and equally-spaced inter-group
phase velocities [71, 80]. All modes can also be designed to have nearly identical
group velocities near a special wavelength [71]. Therefore, short high peak power
laser pulses do not easily disintegrate due to intermodal group velocity dispersion
and the laser pulses go through a rapid submillimeter-length self-imaging pattern
when propagating along GIMFs [72]. These unique properties make GIMFs an appealing platform for observing novel nonlinear optic phenomena. Examples include
the observation of multimode solitons [125, 128], supercontinuum generation [57, 70],
multimode saturable absorption [79], self-induced beam cleanup [70, 84], and geometric parametric instability [58, 69, 116]. In this chapter, we leverage the unique
properties of GIMFs for the generation of biphoton states with a high degree of
control over their spectral correlations for a broad spectral range.
In previous chapter we explored the tailoring of the JSA of the photon pair
generated in a commercial multimode step-index MMF via the IM-FWM process [86].
We showed that it is possible to generate factorable two-photon states exhibiting
minimal spectral correlations between the photon pair components in conventional
MMFs using commonly available pump lasers. In this chapter, we extend our studies
to the case of photon pair generation in GIMFs. We show that a commercial GIMF
can be used as a robust medium to generate factorable photon pairs over a large
bandwidth that can be considerably larger than that obtained in step-index fibers.
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This interesting property is rooted in the special dispersive attributes of GIMFs.
We first present a brief overview of GIMFs and establish the notation that will
be used in the rest of the chapter. The refractive index profile of a GIMF is given
by n2 (ρ) = n20 1 − 2∆


ρ α 
.
R

R is the core radius, n0 (λ) is the refractive index in the

center of the core, ∆ is the relative index difference between the core and cladding,
α ≈ 2 characterizes a near parabolic-index profile in the core (ρ ≤ R), and α = 0 in
the cladding (ρ > R).
The guided linearly polarized modes are represented by Laguerre-Gaussian functions [71]. Each mode is identified by two integers, p and m, referred to as the
radial and angular numbers, respectively. The mode-group number is also defined as
g = 2p + |m| + 1. All the guided modes with an identical mode-group number g are
nearly degenerate in the value of their propagation constant βg [71, 80] defined by
βg = n0 k (1 − 2N ∆)1/2 ,
2α/(α+2)

α
g
, Nα =
n2 k 2 R2 ∆ .
N= √
α+2 0
Nα

(6.1)
(6.2)

Nα indicates the total number of guided modes (considering the polarization degeneracy), and k = 2π/λ, where λ is the wavelength. For the calculations in this
chapter, we have considered a commercial GIMF with typical parameters which can
be found in Refs. [71, 80]. Briefly, R = 25 µm, ∆ = 0.01, and α ≈ 2.11.
The phase-matching for IM-FWM is given by βνp + βκp − βµs − βξi = 0 where the
superscripts signify the pump (p), signal (s), and idler (i). The subscripts index the
specific Laguerre-Gaussian spatial modes in which the pump, signal, or idler propagate. Because the propagation constants only depend on the mode-group numbers
(see Eq. (6.1)), the phase matching can be readily cast into a relationship among
the mode-group numbers {gp(1) , gp(2) , gi , gs }, representing the two pump photons, the
idler photon, and the signal photon, respectively [80]. Also a G number is defined
for each FWM process. G = gs + gi − gp(1) − gp(2) , and is determined by the modes
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involved in the FWM process [80], e.g. G = 2 is used for the FWM process identified
by {1,1,1,3}.
The JSA of the signal-idler photon pair generated in an optical fiber can be
constructed [39, 86, 100] using the group delay between pump-signal and pump-idler
photons given by
τj = L

h

βp(1) (ω̄p )

−

(1)
βj (ω̄j )

i

,

j ∈ {s, i},

(6.3)

and the pump bandwidth σp . L is the fiber length. In Eq. (6.3) β (1) = ∂β/∂ω is
the inverse of the group velocity, and ω̄j (j ∈ {p, s, i}) indicate the phase-matched
frequencies. Using τs , τi , and σp , it is possible to determine the correlation among
signal and idler by calculating the purity of the quantum state, P, for idler (or signal)
photon. The explicit form of P is given by [86]
v
u
2 η r22 (X1 − 2)X1
u

,
P = t
2
2
2 r2 X1 + η r1 2 r2 X1 + η/r1

η ≈ 0.193,

(6.4)

which is parameterized using two dimensionless parameters r1 and r2 defined as
r1 =

τs
,
τi

r2 =

σsi
,
σp

1
,
σsi = p
τs2 + τi2

X1 = r1 +

1
.
r1

(6.5)

Note that P ranges from unity to zero, where a pure quantum state (P = 1) indicates
a spectrally uncorrelated signal-idler photon pair, giving a factorable quantum state.
The form of purity in Eq. 6.4 is calculated by approximating the phase-matching
sinc function with a Gaussian one [86], which is equivalent to using a passband spectral filter to filter out the sidelobes of the sinc function in photon-pair quantum state
preparation procedure [86]. This filtering is necessary to obtain a good agreement
between the theoretical calculations and experimental observations. It should be
mentioned that this broadband filtering is different from the narrowband spectral
filtering to eliminate the spectral correlation, which significantly reduces the photon
flux, and only in the limit of infinitely narrowband filtering the perfect factorability
can be achieved.
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6.1

Boradband source of factorable two-photon states

Figure 6.1: Phase-matched FWM frequencies νs , νi as a function of pump frequency
νp (νj = ωj /2π) for two distinct FWM processes. The dot-dashed green line shows
the pump line.

In Fig. 6.1 we show the phase-matched signal-idler frequencies (νs and νi ) as
a function of pump frequency (νp ) for two FWM processes in the GIMF. There is
clearly a linear dependence of ω̄s (ω̄i ) versus ω̄p over a wide range of pump spectrum
p
[22,86]; therefore, if
for both processes. It can be generally shown that r1 = 1−2 , dω̄
dω̄s

dω̄p /dω̄s does not change with varying the pump wavelength (as is the case for a broad
spectral range in Fig. 6.1), the value of r1 does not change with the pump wavelength.
Hence, the value of purity can be easily kept constant by keeping r2 unchanged by
merely rescaling the the fiber length L. Later, we will show that r1 ≈ −1 is easily
accessible for GIMFs; therefore, one can generate an ultra-broadband tunable photon
pair source with P ≈ 1 by the judicious selection of L or σp .
In Fig. 6.2, we demonstrate our theoretical calculation of purity as a function
of the pump frequency versus the (a) fiber length, and (b) pump bandwidth. The
calculations are performed for the {1,1,1,3} process. In Fig. 6.2(a), it can be seen
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Figure 6.2: Purity contours as a function of pump frequency νp vs. (a) fiber length
for fixed pump bandwidth of 0.5 THz, and (b) pump bandwidth for a 50 cm long
fiber. Both contours are for the {1,1,1,3} process.

that for the fixed value of σp , P ≈ 1 can be achieved by tuning the value of L.
Moreover, even if the value of L is kept fixed, it is possible to maintain high purity
over a reasonably large pump frequency range making it highly desirable from a
device standpoint. A similar argument can be made in Fig. 6.2(b) by reversing the
role of L and σp .

In the following, we will show that the value of purity in GIMFs, in general,
depends mainly on the spectral separation of the signal/idler from the pump (Ω).
This is an important result from an experimental standpoint because one will not
even need to examine the mode profiles and can evaluate the value of the purity
only by a simple spectral measurement. From a theoretical standpoint, this result is
interesting because the frequency separation is analytically calculable knowing the
mode-group numbers involved in the FWM process [80].
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6.2

Genertic function of purity

The claim that the purity in GIMFs depends mainly on Ω has its roots in the
fact that the group velocity in GIMFs is nearly independent of the mode group
number g, as GIMFs are designed to equalize the group velocities for all spatial
modes for high-bandwidth optical communications (primarily at a design wavelength
near 850 nm) [71]. Deviations from this equality at wavelengths other than 850 nm
are primarily sourced at the strong dependence of β (1) on the material dispersion
relative to its dependence on the modal dispersion [71]. As such, we use
(1)
βapprox
≈

∂
(nω/c);
∂ω

(6.6)

with the understanding that it is quite safe to do this because only the differences between β (1) values appear in our formalism. This is justified with some
(1)

examples in Fig. 6.3, where ∆βg

(1)

(1)

= βg (Ω0 + Ω) − β1 (Ω0 ) is plotted using both

Eqs. (6.1) and (6.6) and the plots clearly overlap for g=3 and 7 among others.
Here, Ω0 corresponds to λ = 850 nm.

(1)

In fact, (δβg /δΩ)|Ω0 ≈ 0.41/(cm THz),

(1)

while (δβg /δg)|Ω0 ≈ 0.07/cm. Given that the spectral shifts Ω involved in phasematchings here are tens to hundreds of THz, while shifts in the mode group numbers
δg are often small, our approximations are well-justified.
Therefore, the purity is determined chiefly by the spectral separation Ω and
direct dependence on the spatial modes is weak. From a practical standpoint in
an experiment, where one usually measures the FWM spectrum rather than the
modal content, it is interesting to investigate the purity only as a function of Ω
for various experimental scenarios. Implementing Eq. (6.6) in Eq. (6.3) provides a
generic function for purity, merely dependening on the physical parameters of the
system and Ω. In Fig. 6.4 we have used these equations to calculate the purity as
a function of Ω. In each sub-figure, the dashed red line shows the purity calculated
using Eq. (6.6). Sub-figures (a) and (b) show two different experimental scenarios,
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(1)

Figure 6.3: ∆βg is plotted using both Eq. (6.1) and (6.6) for g =3 and 7. The plots
clearly overlap; therefore, it is safe to use Eq. (6.6) in Eq. (6.3) to calculate purity,
as will also be shown in Fig. 6.4.

i.e. different L and σp . The laser wavelength is 850 nm.
In order to examine this generic purity plot, we have considered different phasematched FWM processes. We have used Eq. (6.1) to find the phase-matching frequencies (and Ω), and βg(1) . The purity is calculated using Eqs. (6.3) and (6.4). Each
black dot on Fig. 6.4 shows a distinct phase-matched IM-FWM process. As expected,
the FWM processes with the same Ω have almost the same purity values, as can be
seen in Fig. 6.4, where some dots almost overlap perfectly. For example, all three processes of {1, 1, 4, 4}, {1, 1, 3, 5}, {1, 1, 1, 7} have G=6, Ω ≈ 153 THz, and the purity
of ≈ 0.27. These processes from left to right are {2, 2, 3, 1}, {3, 3, 1, 5}, {1, 1, 2, 2} ≡
{1, 1, 1, 3}, {1, 1, 3, 3} ≡ {1, 1, 1, 5}, {1, 1, 4, 4} ≡ {1, 1, 3, 5} ≡ {1, 1, 1, 7}, {1, 1, 1, 9},
{1, 1, 5, 7}, {1, 1, 7, 7}, and {1, 1, 8, 8}. Processes with a nearly degenerate value of
Ω are marked with the ≡ sign. These results prove the broad applicability of these
purity curves for any FWM process.
Moreover, different scenarios in sub-figures 6.4(a) and 6.4(b) show that by a
proper choice of L and σp , it is possible to have high purity over a broad spectral
band or obtain high purity in one frequency region and low purity in another (for
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two different FWM processes). Therefore, it is possible to simultaneously generate
mixed purity values using different multimode phase-matching processes in a single
strand of optical fiber. We emphasize that for the processes with near-degenerate
values of Ω, we quote the purity of the state generated by each individual process.
In practice, the mixture of photons from different processes may adversely affect the
measured purity; however, such states may be used for four-photon or six-photon
correlated states.

Figure 6.4: Purity as a function of Ω. Dashed red line indicates the generic function
calculated by implementing Eq. (6.6) in Eq. (6.3), and the black dots shows the
individual FWM processes.

So far we have shown that by using Eq. 6.6 in Eq. 6.3 it is possible to evaluate the
(1)
purity only as a function of Ω. Furthermore, we can expand the βapprox
belonging to

the signal (idler) around the ω̄p and only keep the terms up to the first order in the
signal/idler-pump frequency separation Ω to get an even more simplified equation
for the group delay τ . We will discuss the validity of this approximation later in this
chapter. In this case, the group delays can be written as
τs ≈ +Ω

L 2
∂ (nω)|ω̄p ,
c ω

τi ≈ −Ω

89

L 2
∂ (nω)|ω̄p .
c ω

(6.7)

Chapter 6. State-engineered photon-pair generation in a graded-index MMF

Obviously, for large Ω this approximation becomes less reliable as the higher order
terms in the Taylor expansion play more important role. The result presented in
Fig. 6.5 shows that for processes like {1,1,1,3}, this approximation gives a reasonably
good estimate of the purity.
In GIMFs, Ω can be accurately estimated using the material dispersion and physical parameters of the fiber by [80]
2

Ω ≈

√

2∆
Gc
.
R ∂ω2 (nω)|ω̄p

Using Eqs. (6.7) and (6.8), r1 , r2 , and P simplify to
s
√
4 r2 η
1
Rc
√
.
r1 ≈ −1 , r2 ≈
, P=
σp L G 8∆ ∂ω2 (nω)|ω̄p
4 r22 + η

(6.8)

(6.9)

We emphasize that in order to use these approximations, it is important for the
modes involved in the FWM process to be far from their cutoff frequencies such that
the material dispersion dominates over the waveguide contribution.

Figure 6.5: Purity vs. pump frequency for the {1,1,1,3} IM-FWM process using
different methods discussed.

In Fig. 6.5, we examine the accuracy of these approximations in detail. We
consider the purity calculation for the {1,1,1,3} process as a function of the pump
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frequency νp . L = 50 cm and σp = 0.2 THz. The solid (black) curve shows the
calculation using Eq. (6.1) and its derivative, along with Eq. (6.4) for purity. The
dashed-dotted (red) curve uses the approximation in Eqs. (6.7), for which the value
of Ω is calculated directly by using Eq. (6.1). The long-dashed (green) and shortdashed (orange) curves are calculated in a similar way to the dashed-dotted (red)
curve except 2nd and 3rd order Taylor expansion terms in Eq. (6.7) are retained. The
dotted (blue) curve is plotted using the full approximation formula in Eq. (6.9) where
Ω is calculated using the approximation in Eq. (6.8). There is a good agreement
between the explicit solution and these approximate methods for a wide range of the
pump frequency. Results presented in Fig. 6.5 also show more clearly the possibility
of a tunable uncorrelated photon pair source in a GIMF.

6.3

Conclusion

In conclusion, we have investigated GIMFs as an ultra-broadband source of photon
pairs with controlled spectral correlations. We show that GIMFs can be used as a
tunable source of uncorrelated (or correlated) photon pairs, as their spectral correlations are relatively independent of the pump central wavelength. Our calculations
indicate that while tuning the pump frequency will change the frequencies of the signal and idler, the signal (idler) photon state purity remains unchanged. Therefore,
GIMFs can be used to make quantum-state-preserving tunable sources of photon
pairs. We have also shown that the purity is mainly a function of the spectral separation of the idler-signal pair from the pump (Ω), and its dependence on the spatial
mode content is indirect and only through its dependence on Ω. Finally, we have
shown that by the right selection of the physical parameters of the system including the fiber length and/or the pump bandwidth, it is possible to simultaneously
generate correlated and uncorrelated photon pairs in the same optical fiber.
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